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PREFACE

The work reported herein was conducted by the Arnold Engineering Development
Center (AEDC), Air Force Systems Command (AFSC), under Program Element 65807F.
The results presented were obtained by ARO, Inc. (a subsidiary of Sverdrup & Parcel
and Associates, Inc.), contract operator of AEDC, AFSC, Arnold Air Force Station,
Tennessee. The work was done under ARO Project Nos. P33A-36A and P32A-3lD. The
author of this report was David L. Whitfield, ARO, Inc. The manuscript (ARO Control
No. ARO-PWT-TR-75-l32) was submitted for publication on August 15, 1975.
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1.0 INTRODUCTION

The material presented herein is a result of work done in support of various research,
test, and test facility development projects conducted in the Propulsion Wind Tunnel
Facility (PWT). The topics considered are somewhat independent, and an effort is made
to develop each in an essentially self-contained section. This permits the results to be
reviewed and extracted for particular applications as desired without sorting through the
entire report. However, an important use of these results is their application as a unit
to the analysis of experimental data. Such an application is made, not only as an example
to illustrate this point, but to analyze experimental turbulent boundary-layer measurements
made in PWT.

The first topic considered (Section 2.0) is a laminar and/or turbulent numerical
boundary-layer calculation technique in which the Reynolds stress -is related to the local
turbulent kinetic energy of the flow, e, and a modified form of the turbulent kinetic
energy equation is used to solve for e throughout the boundary layer. This approach has
certain advantages over the classical mixing-length approach. For example, computations
can be performed of transition flow, initial and free-stream turbulence levels can be taken
into account, and the integration is carried completely to the wall where natural boundary
conditions can be imposed. This numerical calculation technique is developed for the
purpose of performing reasonable engineering predictions 'of incompressible and
compressible turbulent boundary layers. The major effort of this portion of the report
is in the modeling of the various terms of the turbulent kinetic energy equation.

Section 3.0 contains the development of an analytical investigation of turbulence
near a wall. The approach is unique in that it is based on the turbulent kinetic energy
equation developed in Section 2.0, and it does not depend on mixing-length or

. damping-factor concepts. The results include closed-form expressions for the velocity,
Reynolds stress, production of turbulence, and dissipation of turbulence. Moreover, the
results show good agreement with experimental data and are valid from the wall through
the so-called sublayer and buffer layer and into the fully turbulent portion of the boundary
layer. An important application of these 'results is that of providing information of the
region near the wall where experimental measurements are not routinely made (usually
never made during wind-tunnel tests because' of the experimental difficulties and/or data
acquisition time). These analytical results 'are used to more accurately determine
boundary-layer parameters from experimental data such as displacement thickness' and
momentum thickness' as discussed in Section 5.0.

7
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Section 4.0 is concerned with the development of analytical relationships between
velocity and temperature throughout turbulent boundary layers on constant temperature
or adiabatic walls for nonunity Prandtl numbers. Analytical solutions are of interest as
opposed to numerical ones for purposes of data reduction of, e.g. pitot pressure
measurements -and holographic interferometric measurements. In addition, Reynolds
analogy is calculated from these solutions which is shown to be in good agreement with
previous results for near adiabatic wall conditions, and predicts the quantity 2 Ch / Cf to
decrease -with decreasing wall temperature. This prediction is also shown to be supported
by comparisons with experimental data, and apparently such a variation has not previously
been predicted.

In Section 5.0 the result for the velocity distribution and the velocity-temperature
relations (Sections 3.0 and 4.0) are included in the development of a data reduction
computer program for the purpose of reducing pitot pressure measurements made in
turbulent boundary layers. The code is written to obtain spatial distributions of velocity
and temperature, local skin friction, and various boundary-layer parameters.

The results of Sections 2.0 through 5.0 are applied in Section 6.0 to the analysis
of turbulent boundary-layer measurements made in Propulsion Wind Tunnels l6S, l6T,
and the Acoustic Research Tunnel (ART) in PWT. The experimental data considered include
previously reported measurements made in Tunnel 16S and recently acquired unpublished
data in Tunnels 16S, l6T, and ART. Results of this analysis which are of particular interest
include (1) new skin-friction coefficients determined from measurements made in Tunnel
l6S and their impact on transition correlations of data taken in 16S and (2) the nature
of the flow in the nozzle boundary layer of Tunnel 16T.

This report contains a fair amount of new results. For example, (1) the particular
modeling of the turbulent kinetic energy equation developed in Section 2.0 has not been
used previously, (2) the analytical results obtained in Section 3.0 concerning turbulence
near a wall are new, but more importantly this particular development (Le. without
rnixing-length theory) has not been followed previously, and (3) the analytical
velocity-temperature relations and Reynolds analogy for nonunity Prandtl numbers
obtained in Section 4.0 are also new. Therefore, because these results are not common
nor time tested, effort was expended in assessing the accuracy of each by numerous
comparisons with experimental data. In Sections 2.0 through 4.0, these experimental
comparisons follow the theoretical development of the results. The computer programs
for the boundary-layer calculations and the data reduction procedure (Sections 2.0 and
5.0) are included in Appendixes A and B, respectively.

8
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2.0 NUMERICAL BOUNDARY-LAYER CALCULATIONS

This numerical technique draws heavily from that of previous investigators. Portions
of several sources have been extracted and modified where deemed necessary for the
purpose 'of improving the results. The objective was to obtain as accurate results as possible
(the standard for which was comparisons with experimental data) for various flow
conditions, while attaining a physically reasonable model with minimum empiricism (the
constants of which were not allowed to change for the various flow conditions). The
result is a fairly easy' to use numerical method which yields results in relatively good
agreement with experimental data for the flows considered. However, there is much room
for improvement. For example, the present code will run for laminar or turbulent flow
and calculate through transition, producing quite reasonable looking velocity profiles.
Unfortunately, the point of transition occurs upstream (lower Reynolds number) of that
observed experimentally. Little has been attempted with the present code concerning
possible improvements in calculating transition.

It should be noted that this investigation was made much easier by the powerful
numerical method for diffusion-type equations developed by Patankar and Spalding (Ref.
I). Effort here was expended in modeling the equations rather than in their solution.
A listing of the resulting computer code is given in Appendix A.

2.1 DIMENSIONLESS BOUNDARY-LAYER EQUATIONS

The choice of the dimensionless variables was such as to recover the general form
of the physical-plane equations considered by Patankar and Spalding (Ref. I) who applied
the von Mises transformation to the physical-plane equations, whereas here the von Mises
transformation was applied to dimensionless· equations. Dimensionless variables simplify
and reduce appreciably the input required to run the program. Also some physical insight
into the flow problem and its relation to other flows is gained by using dimensionless
parameters and eliminating the confusion attributable to units.

In the dimensionless variables defined in the nomenclature and used in Ref. 2, the
boundary-layer equations considered were

acp r U)
+

acp r V)
0

ax ay

-IT au + -V au dp ~ l- ~ [<2)\\1' -:;;~J au l
P ax P ay +

ay Jdx r ay Reo,s

(1)

(2)
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_-ali --y ali
p u ax + P ay

(2)Y211 ~ 1)- au p<uv>+ l--U------
Reo,s Pr ay au/ay

Il o

r = f w ± Y cos e

(3)

(4)

(5)

where the plus sign in Eq. (5) is for external flow and the minus sign for internal flow.
The quantity (2)1/2 IReo ,s as a coefficient ofp. in Eqs. (2) and (3) is due to using (Ho",)1 /2

to nondimensionalize velocities rather than (2Ho,ce)1 /2, the maximum velocity. Using
(2Ho ",)1 /2 would introduce new coefficients for other terms, 'which were thought to be
less convenient to handle. The (2)1/2 was used in Reo ,s simply for convenience in order
that Reo ,s be based on the maximum velocity.

In order to close this system of equations something must be done with the Reynolds
stress term. Rather than introduce the usual eddy-viscosity or mixing-length concepts, the
Reynolds stress was modeled here by relating it to the turbulent kinetic energy.

2.2 MODEL FOR REYNOLDS STRESS

Two forms are commonly used for modeling the Reynolds stress 'by relating it to
the turbulent kinetic energy of the flow. The first, introduced by Townsend (Ref. 3)
and refined by Lighthill (Ref. 4), written in the boundary-layer approximation, is

- <uv> = ae

and the second, introduced by Prandtl (Ref. 5), is

Y2 au
- <uv> = bee) 2£ ay

(6)

(7)

where a and b are constants and Q is the mixing length. Equation (6), with a = 0.3,
was used in the present work. Both equations have been used by previous investigators.
For example, Bradshaw, Ferriss and Atwell (Ref. 6) used Eq. (6) with a = 0.3; Ng and
Spalding (Ref. 7) used Eq. (6) in equilibrium flow for evaluating a constant in the
dissipation term (a effectively was 0.32); and Glushko (Ref. 8) (recently extended by

10
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Beckwith and Bushnell (Ref. 9)) used a model which can be reduced to Eq. (7) over
a portion of the boundary layer. These approaches, as well as the present one, differ
primarily in the modeling of the terms in the turbulent kinetic energy equation which
is required for a solution for e.

2.3 TURBULENT KINETIC ENERGY EQUATION
I

The derivation of the particular turbulent kinetic energy equation used here begins
with the equation proposed by Kolmogoroff (Ref. 10), and used by Ng and Spalding
(Ref. 7), and is written for axisymmetric flow as

)
2 (CD P e

3
/

2
)

U ae Vae 11 a ~ Xn/ae~ Xn/(oUp - + p - = - - - rpe L - + pe L ~ - n /ax ay a e r ay ay oy L

(8)

The terms in Eq. (8) on the left-hand side represent convection, and the first, second,
and third terms on the right-hand side represent the diffusion, production, and dissipation,
respectively. Glushko (Ref. 8) points out that at low Reynolds numbers the turbulent
energy dissipation deviates from that specified in Eq. (8). The reason for this has to do
with assumptions concerning the equilibrium of the turbulence at high wave numbers for
sufficiently high Reynolds numbers as explained by Batchelor (Ref. 11). Ng and Spalding
(Ref. 7) used Eq. (8) in conjunction with an additional equation in order to calculate
Q'. However, besides the problem with the dissipation term, Ng and Spalding (Ref. 7)

did not use the molecular viscosity and did not integrate completely to the wall. In an
attempt to remedy these deficiencies, the following modifications were made to Eq. (8).

The numerator and denominator of the dissipation term in Eq. (8) were multiplied by
the integral scale length of turbulence £', in order to obtain a term e1 / 2 Q' common
to each term on the right-hand side of Eq. (8). Ng and Spalding (Ref. 7) used a proposal
of Ko1mogoroff (Ref. 10) and Prandtl (Ref. 5) to relate e1 / 2 Q' to the Reynolds stress
by e1 / 2 Q' = - <uv>jaUjay which is the form of Eq. (7). However, in the present work
the expression

(9)

is used in the diffusion and dissipation terms while retaining e1 / 2 Q' = - <uv>jaUjay
in the production term. Equation (8) can then be written

(10)

where L is the dissipation length and C is a constant or a function of Reynolds number.
Equation (9) was not used in the production term in Eq. (8) because this term represents
the production of turbulent energy and would not be zero for e == 0 (laminar flow).

11
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Equation (l0) is the turbulent kinetic energy equation used here. It is similar in
form to the equation developed by Glushko (Ref. 8). However, Glushko modeled the
Reynolds stress. more nearly like that given by Eq. (7), whereas in the present work the
Reynolds stress· is modeled by Eq. (6). Also, Glushko's modeling takes on three different
explicit forms across the boundary layer, whereas here Eq. (7) was used throughout the
boundary layer. This modeling was used for simplicity and can be justified only by the
results obtained. In dimensionless variables the additional equations used to close the system
composed of Eqs. (I) through (5) are

pIT ae + pV aa=ye = 1 !. ~ ~r r(2)~iL _ P~iiV>J ae}
ax a e r ay l Lit eo, s au /ay ay

and

(11)

- <uv> ae 0.3 e (12)

The expression used for C in Eq. (11) is

C = 3.1 - (Reoo ,) 1.82 x 10-9 (13)

with a lower bound of 2.7. The reason for this particular expression will be made clear
subsequently when comparisons with experimental data are discussed.

Application of the von Mises transformation to the boundary-layer equations is given
in general form by Patankar and Spalding (Ref. 1) and in the present dimensionless
variables, except for the additional terms due to the Reynolds stress, in Ref. 2. Applying
this transformation to the turbulent kinetic energy equation, Eq. (11), gives (the necessary
partial derivative operators are given in Ref. 2)

ae
ax +

U) (rE mE - rI rr,) + r I rr, ae
¢E - CPI aU)

----= au ce[(2)~iL p<uv>J- P'Uv> - - - --- - --
ay i 2 Reo, s aIT/ay

(14)

The boundary conditions for the governing system of equations are rather general,
and are those permitted by the numerical technique of Patankar and Spalding (Ref. 1).
In addition, boundary conditions on e are required which are taken as e = 0 at the wall

12
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and some prescribed free-stream turbulence level. If the turbulence is taken as e == 0 across
the boundary layer, the governing equations describe laminar flow. If the turbulence
anywhere across the boundary layer is e > 0, regardless of how small, the flow is turbulent.
That is, the degree of turbulence here is determined by the magnitude of e, and no
distinction is made between fully developed turbulent flow, transition flow, etc.

It should be pointed out that the calculation of mass flux into the boundary layer,
entrainment, is not handled as suggested in Ref. 1 for turbulent flow, because the
mixing-length approach is not followed. Rather, the same subroutine as utilized in Ref.
2 for laminar flow was used here for both laminar and turbulent flow. This permitted
extremely small to extremely large turbulent intensities to be handled using the same
entrainment calculation scheme.

2.4 COMPARISONS WITH EXPERIMENTAL DATA

For convenience, the ratio of the Reynolds number based on total conditions, Reo,
and the local unit Reynolds number, Reoo' which is more commonly used, is given in
Fig. 1 as a function of Mach number. This ratio is based on isentropic flow and assumes
that Jl '" T~. The assumption Jl '" T r was used in the present calculations with ~ = 2/3.

102 I 1ll
II lL

I / i / /

This Plot Uses IJ '" T~
IV

1// Ii}
~ .. 1/2 N1/ V/I

~ .. 2/3~Vi /V'"
~ .. 5/6~ /

~
~ .. 1

~~v
I\..

"- II

'- I I I
~ IIVI
'~ III I
~ IIII
'~
~ h fjI/"-

Asymptote for Moo << 1 f',N~ @V
F=="'"

f-- Re 1 ( 2 ) 1/2 vI'"
~.- -
Reoo s Moo y - 1

- .

Figure 1. Reo ,s/Reoo,s as a function of Moo for 'Y = 115.
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However, it is not required, and any viscosity law can be used. Solutions presented in
Ref. 2 for thick laminar boundary layers with large transverse temperature gradients indicate
essentially the same results were obtained whether J..I. .'" T~ was used or Sutherland's law
was used. Therefore, it was assumed here that J..I. '" Tr was adequate, particularly since
J..I. is significant only over a small portion of a turbulent boundary layer. Figure 1 is
convenient for determining Reo ,s because usually the free-stream unit Reynolds number
is known for a given free-stream Mach number.

The investigation by Winter and Gaudet (Ref. 12) provides a large number of subsonic
and supersonic data taken in the Royal Aircraft Establishment (R.A.E.) 8-ft by 8-ft wind
tunnel. These data are particularly useful for evaluating the present work in that the
development length was established and numerous detailed measurements were made at
various Reynolds numbers. Winter and Gaudet's subsonic velocity profile data at Moo =

0.2 for 16.4 x 106 :::;;;; Reoo,x :::;;;; 224 x 106 are compared with calculated profiles in Fig.
2. These data were relied upon for determining C in Eq. (11) as given by Eq. (13). With
C taken as a constant of 3.5, Cf varied from about five percent above the experimental

y, in.

10

6

4

o Experimental Data, Winter
and Gaudet IRef. 12)

- Present Calculation

Re x 10- 6 = 16. 4
<D, x 38.5 90.3 135 171 224

1.0

Figure 2. Theoretical and experimental velocity distributions
at Moo = 0.2 and various Reoo,x'

skin friction data of Ref. 12 at Reoo,x = 106 to about ten percent below the experimental
data at Reoo,x = 224 x 106 . Also, the calculated velocity distribution with C = 3.5 differed
somewhat with the experimental velocity distribution for Reoo,x = 224 x 106 .It was found
that if C were changed to about 2.7, then Cf agreed with the experimental skin friction
data at Reoo,x = 224 x 106 , and the calculated velocity distribution agreed with the
experimental velocity distribution. Of course, this agreement in velocities must be the
case next to the wall if the skin frictions are to agree; however, not all models attempted
for the various terms in Eq. (11) gave this quantitative trend. It was found that essentially
the same result was obtained whether C was taken as 2.7 or concocted to be 2.7 when

14
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Reoo,x = 224 x 106 . Therefore, C was made to take on the proper value (proper value
here means giving good agreement with experimental data) at a smaller Reoo,x and at Reoo,x
= 224 x 106 , and Eq. (13) was used in the present calculations with a lower bound
of 2.7. Actually, not a great deal of effort was expended in evaluating or improving C,
and surely an improvement could be made. However, the results provided by using Eq.
(13) were considered acceptable, and no further changes were made for C.

Comparisons between calculated and measured velocity distributions for the R.A.E.

tunnel (Ref. 12) are presented in Fig. 3 for Moo = 2.2 and 26.3 x I 06 ~ Reoo,x ~ 108
x 106 . Comparisons are also made with Mach number distributions in Fig. 4 for these
supersonic flow data. Considering that C was evaluated for subsonic flow, and Glushko's
L came from incompressible flow, the agreement between calculated and measured data
is considered good. The agreement improves as Reoo,x increases, with the maximum

discrepancy at Reoo,x = 26.3 x 106 .

5 0 Experi mental Data, Wi nter
and Gaudet (Ref. 12)

- Present Calculation
4

Re x 10-6 =m,x
3

y, in.

2

Figure 3. Theoretical and experimental velocity distributions
at Moo = 2.2 and various Reoo,x.

For comparisons at higher Mach number the experimental data of Gates (Ref. 13)
at Moo = 4 are considered in Figs. 5 and 6. Two inflection points are evident in each
of the experimental Mach number profiles in Fig. 6. Similar inflection points exist in
the calculated Mach number profiles, although the profiles at x = 4.75 ft are in best
agreement. The solutions were obtained for a constant wall temperature of Tw ITo ,00 =

0.9 as indicated by a temperature versus distance along-the-plate plot as presented by
Gates (Ref. 13). However, the tabulated profile data in Table IV of Ref. 13 indicate
Tw/To,oo = 0.94 for the data at x = 2.75 ft in Figs. 5 and 6, which might cause some
discrepancy. For the same reasons as mentioned in discussing the R.A.E. Moo = 2.2 data
of Winter and Gaudet (Ref. 12), the agreement in Figs. 5 and 6 is better than expected.
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Figure 4. Theoretical and experimental Mach number distributions
at Moo = 2.2 and various Reoo,x.

Flat Plate Experimental Data ot Gates (Ret. 13)

o Rem x =1. 30 x 107, x =2. 75 tt
6. Rem' x = 2. 19 x 107, x = 4. 75 tt
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Figure 5. Theoretical and experimental velocity distributions

at Moo = 4.
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Flat Plate Experimental Data of Gates (Ref. 13)
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Figure 6. Theoretical and experimental Mach number distr,ibutions at Moo = 4.

3.0 ANALYTICAL RESULTS FOR TURBULENT FLOW NEAR A WALL

Of interest here is that portion of a turbulent boundary layer which extends, in
a normal direction, from the wall out into the fully turbulent region. Included are the
so-called viscous sublayer and buffer layer which are understood to extend over y+ values
of about 0 to 5 and 5 to 35, respectively.

This portion of the boundary layer has been investigated previously and summaries
of these investigations, with the known exception of the work by Rannie (Ref. 14), are
given in the books by Hinze (Ref. 15) and White (Ref. 16). The approach of these
investigators included that of assuming velocity distributions in this region, developing
empirical expressions Jor the eddy viscosity, or employing Prandtl'smix_ing-length
hypothesis with various modifications near the wall. With the exception of simply assuming
a functional form of the velocity distribution, none of the previous investigations lead
to closed-form expressions for the velocity except that of Spalding (Ref. 17); the same
expression was obtained later by Kleinstein (Ref. 18). Spalding (Ref. 17) developed an
expression by satisfying the familiar logarithmic velocity distribution in the fully turbulent
portion of the boundary layer and then matched this result to an expression, obtained
by inspection, which satisfies Reichardt's (Ref. 19) requirement that the eddy viscosity
vary proportionally to y raised to at least the third power as y becomes small.
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Whereas Spalding's (Ref. 17) result for the velocity distribution is accurate and is
in closed-form, van Driest (Ref. 20) obtained one apparently as accurate by quadrature.
Surprisingly, the latter is perhaps more frequently used. This seems to be attributable
to the popularity of van Driest's (Ref 20) physical development whereby he derived a
damping factor for Prandtl's mixing length near a wall.

With regard to these previous investigations, the present work is of interest because
(1) the approach is not founded on an eddy-viscosity or mixing-length concept; (2) the
functional forms for the velocity and Reynolds stress distributions are not postulated but
result from the analysis; (3) simple closed-form expressions are obtained for the velocity,
Reynolds stress, turbulence production, and direct mean-flow energy dissipation; and (4)
the results are in good agreement with experimental data. The approach is to model the
Reynolds stress by relating it to the local turbulent kinetic energy of the flow. The
rnomentmTI equation, and the turbulent kinetic energy equation developed in the previous
section, are solved analytically in the region near the wall. These results are used to obtain
analytical expressions for the various mean-flow turbulent quantities.

The expression used for the turbulent kinetic energy is that given by Eq. (10), and
is, for two-dimensional flow

ae ae 1 a rr. p<u v» ael au LC (2~ (/I _ aPu<u/av>y)
pU(}x + pV ay = aeay L~ -au/ay aiJ- p<uv>ay- V-

Using

(15)

Eq. (15) becomes

T =
au

/l ay - p<uv> (16)

(17)

It is hypothesized that e is an explicit function of U only. Then, Eq. (17) can be written

(
PU au + pV au)~ = ~ ~ IT~) _ p<UV> au

ax ay dU ae ay ~ dU ay

Using the zero-pressure gradient momentum equation

au v au
pU a; + p ay

18
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and taking Oe = 1, Eq. (18) simplifies to

r
= 0 (20)

The dissipation length L in the last term in Eq. (20) was taken from Glushko's report
(Ref. 8). Because L was originally taken from experimental data and behaves somewhat
as a mixing length (see Ref. 8), this length is eliminated by assuming it was originally
related to the Reynolds stress by -<uv> '" L2 (au/ay)2. Absorbing the constant of
proportionality in the constant, C, Eq. (20) becomes

d2e Ce r
r -- - p<uv> - -- = 0

dU 2 - <uv>
(21)

To obtain closure, the Reynolds stress is modeled by relating it to the turbulent
kinetic energy of the flow according to Eq. (6). An exact value for the constant in Eq.
(6) is not important here; rather, the significance of Eq. (6) is that the Reynolds stress
is assumed proportional to the local turbulent kinetic energy. Equation (21) can then
be written

2d e 2
r - + a pe

dU 2
{3r (22)

where a and (3 are constants and a2 was written for later convenience.

Equation (22) is not restricted to the region near the wall nor to incompressible
flow. However, rather simple and useful results can be obtained by making two assumptions,
(1) incompressible flow 'and (2) T is independent of y and is equal to Tw' The second
assumption is common and not without some justification. For example, consider Eq.
(19). At the wall, with no-slip boundary conditions, one has that ar/ay = O. Differentiating
Eq. (19) one obtains

(23)

The first two terms on the right-hand side of Eq. (23) are zero at the wall because of
the no-slip boundary conditions. The third term is zero by the continuity equation.
Therefore, the first nonzero term for T - Tw must be at least of order y3, and has no
y or y2 term in zero-pressure gradient two-dimensional flow as sometimes assumed, e.g.
Ref. 21. Using these two assumptions of incompressible flow and T independent of y (T

= Tw ), Eq. (22) can be written
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where

(3 (24)

and

E
e

(25)

(26)

The boundary conditions used for Eq. (24) are E = 0 at u+ = 0 and dE/du+ =

o at u+ = O. A boundary condition near the outer edge of the layer is not used because
Eq. (24) is valid only in the vicinity of the wall' because of the assumption of T'being
independent of y. The boundary condition dE/du+ =0 at u+ =0 represents the behavior
of the numerical solutions of the previous section near the wall, simplifies the final results,
and contributed to yielding a physically reasonable turbulent kinetic energy solution across
the entire boundary layer. Final justification for this boundary condition is based on the
quality of the results obtained. Using these boundary conditions, the solution to Eq. (24)
is

E = Ji [1 ~ cos (au+)]
2

a

With T = Tw , Eq. (16) can be written in dimensionless variables as

du+
= 1 - aE

Using Eq. (27), Eq. (28) can be written

du+ = 1 _ af3 [1 _ cos (au+)]
dy+ a 2

(27)

(28)

(29)

Equation (29) can be integrated directly to give y+ as a function of u+ if the magnitude
of the constant a{3/a2 is known, see e.g. Gradshteyn and Ryzhik (Ref. 22). To this end,
consider the fact that in the fully turbulent region one has that apem ~ Tw (where em
is the maximum or peak in the turbulent kinetic energy distribution). Therefore, in
dimensionless variables

20
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where e2 is a small positive quantity. That e2 is a small positive quantity is a consequence
of Eq. (28) in conjunction with the fact that E ~ 0 and the physical reasoning that
du+ /dy+ ~ 0 for a smooth, impermeable wall. Then, using Eq. (27) to obtain Em = 2~/a2 ,
gives

and Eq. (29) becomes

a(3 _
2 

a

+

2
- f

2

2
- f

2

(31 )

(32)

Using the fact that 0 < e2 < 1, and satisfying the wall boundary condition of u+ =
o at y+ = 0, Eq. (32) can be integrated (Ref. 22) to give

2 -1 r (au+)~
y+ = fa tan Ltan -2- J (33)

Consider the limiting result of Eq. (33) for small u+. Neglecting terms of third order
in u+, Eq. (33) gives

(34)

which is, of course, the classioal sublayer result. Away from the wall, the velocity
distribution depends on the values of e and a. The constant a can be determined by
using Eq. (27) to force the peak in the turbulent kinetic energy distribution to correspond
to experimental data or to the numerical solutions of the previous section. It can also
be determined by taking e = 0, which corresponds to the assumption of apem = Tw ,

integrating Eq. (32), and then determining the value of a which gives best agreement
with experimentally measured velocity distributions near the wall. Fortunately, the value
of a obtained by any of these methods is about the same, and is, a = 0.18. With the
constant a determined, e can be obtained most easily by fitting Eq. (33) with experimental
data at the value of u+ where au+ = 'Tr, in which case e = rr/ay+ according to Eq. (33)
for au+ = 'Tr. A reasonable value of e appears to be e = 1/8. Therefore, Eq. (33) becomes

y+ = 8 tan- 1 r_
8
1 tan (0.09 u+)l

0.09 ~ J

Note that for u+ > 'Tr/0.18, a change of quadrants must be made, and

y+ = _8_{77 + tan- 1 [2. tan (0.09 u+)l}£or u+ > 77/0.18
0.09 8 'J

21

(35a)

(35b)



AEDC-TR-76-62

The result corresponding to e = 0 is more simple than the expressions above and is given
by

y+ = 1 tan (0.09 u+)
0.09

(36)

Comparisons of the velocity distributions according to Eqs. (35) and (36) are
compared with the experimental data of Lindgren (Ref. 23) in Fig. 7. Good agreement
exists between Eq. (36) and the experimental data for y+ less than about 100, and poor

Velocity distributions according to Eqs. (35) and (36) and the
experimental data of Lindgren (Ref. 23).
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Figure 7.
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Pipe FIOIN, Red' mII 2. 7x 104
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Eq. (36)
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Ret.

li~ren (Ref_23)
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li ndgren (Ref. 23)
li ndgren (Ref. 23)
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agreement exists for y+ > 100. For Eq. (35), good agreement is obtained up to y+ of
approximately 200, and then poor agreement for y+ > 200. Recall that Eq. (36) requires
apem ="w, whereas Eq. (35) does not have this restriction. However, both Eqs. (35)
and (36) require that " be independent of y, which is not the case in the outer part
of the boundary layer. The discrepancy between Eq. (35) and the experimental data in
Fig. 7 for y+ > 200 is, therefore, attributed to the assumption of" = 7'w , and the discrepancy
between Eq. (36) and the data for y+ > 100 is attributed to the same assumption plus
the additional restriction of requiring apem = "w. Equations (35) and (36) do, however,
provide simple and accurate expressions for the velocity distribution throughout the viscous
sublayer and buffer layer and into the fully turbulent portion of the boundary layer.
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An expression for the Reynolds stress can be obtained by using Eq. (16) with T

= Tw and either Eq. (35) or (36) for the velocity distribution. The expression resulting
from using the more simple velocity distribution, Eq. (36), appears to be sufficiently
accurate, and is given by

- <uv>

u2
r

(37)

Equation (37) is compared in Fig. 8 with the experimental data of Laufer (Ref. 24) and
Klebanoff (Ref. 25) and that calculated by van Driest (Ref. 20) using his damping factor
concept. The low Reynolds number data of Laufer (Ref. 24) are slightly below the other
data in Fig. 8 for y+ larger than about 30. However, the agreement in Fig. 8 is considered
good.

Ref.
La ufer (Ref. 24)

Laufer (Ref. 24)

Kleba noff (Ref. 25)

van Driest (Ref. 20)

Present

[J G

Source

Pipe, Red c =5x 105
Pipe, Red' c =5x 104
Boundary'Layer, R~6 =7.4 x 104
Calculated
Eq. (37)

A

[]

Sym
o

1.0

0.9

0.8

O. 7

0.6

-<uv> 0.5
liT

0.4

0.3

0.2

0.1

0
0 ill W ~ ~ ~ ~ ro ~ ~

y+

Figure 8. Reynolds stress distr,ibutions near a wall.

Schubauer (Ref. 26) considered the measurements of Laufer (Ref. 24) and Klebanoff
(Ref. 25) for investigating certain turbulent processes in pipe and boundary-layer flows.
Schubauer (Ref. 26) points out that the most important outcome of the investigations
of Refs. 24 and 25 is the revelation that the region near the hypothetical sublayer is

one of high activity for turbulence. Schubauer (Ref. 26) presents a plot of the turbulence
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(38)
u2 dy+

T

- <uv> du+

production and dissipation measurements of Laufer (Ref. 24) and Klebanoff (Ref. 25).
This plot is reproduced in Fig. 9 along with the present predictions of the quantities
measured using Eq. (36) for the velocity distribution. The present results for the quantities
considered by Schubauer (Ref. 26) are, for the turbulence production

I 2 I ( 0,09 y+ )24 sin [2 tan- (0.09 y+)] = I

+ (0 .09y+) 2

and the direct dissipation of mean-flow energy

(39)

(:~ / • direct dissipation of mean-flow energy
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Klebanoff (Ref. 25)
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Figure 9. Distributions of turbulence production and direct dissipation
of mean-flow energy.

Schubauer (Ref. 26) points out that the maximum rate of production occurs at what
is normally considered the edge of the sublayer, and that direct dissipation and turbulence
production go on at the same rate at this point. According to Eq. (38), the location
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of the maximum rate of production is y+ = 11.1 which is approximately the edge of
the sub1ayer. This is also the location where the direct dissipation according to Eq. (39)
is equal to the production. Good agreement between Eqs. (38) and (39) and experimental
measurements is demonstrated in Fig. 9.

4.0 ANALYTICAL RESULTS FOR VELOCITY-TEMPERATURE RELATIONS*

Relations between velocity and temperature in boundary layers were obtained in the
early 1930's by Busemann (Ref. 27) and Crocco (Ref. 28). These results provide a
convenient means of expressing temperature as a function of velocity, and countless
applications of these early works have since been made in the study of gas dynamics.
It is interesting to trace the development of the velocity-temperature relations, inasmuch
as there seems to be some discrepancy among the users of these relations as to the original
investigators and their specific assumptions and results.

The first relation between velocity and temperature appears to be that of Busemann
(Ref. 27), who obtained the solution

c T + U2/2 = canst = c Tp p 0,00 (40)

for laminar flow and Pr = 1. For this case, of course, one must have Tw = To 'co' Shortly
after this result by Busemann, Crocco (Ref. 28) presented the solution

c T + U 2 /2 = aU + canstp
(41 )

(where a is a constant) for turbulent flow and Prt = 1. It is frequently misconstrued that
Crocco's (Ref. 28) result, Eq. (41), was obtained for laminar flow; however, Crocco (Ref.
28) explicitly states that his consideration is that of the equations for the turbulent
boundary layer. Crocco (Ref. 28) references Busemann's (Ref. 27) work, and later Crocco
(Ref. 29) states that Busemann's (Ref. 27) result was actually the particular solution portion
of Eq. (41) corresponding, to what is presently called, an adiabatic wall. Later, Busemann
(Ref. 30) obtained the same general result as Crocco (Ref. 28), Eq. (41), but for laminar
flow and Pr = 1. Evaluating the constants of integration in Eq. (41) by using the wall

and free-stream conditions, one obtains

T u - (T - T ) u2
0,00 00

(42)

*The work in this section was done in collaboration with Dr. M. D. High, ARO, Inc.
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for either laminar or turbulent flow with the appropriate Prandtl number being unity.
If the wall is adiabatic, then Tw = Too + U00

2 /2cp , and Eq. (42) reduces to Eq. (40).

E. R. van Driest (Ref. 31) later investigated the problem by considering a variable
Prandtl number across a turbulent boundary layer. He obtained general expressions for
the temperature as a function of velocity, Reynolds analogy factor, and recovery factor.
These general expressions require distributions of Prandtl number and shear stress across
the boundary layer which van Driest evaluated by following von Karman's (Ref. 32) idea
of separating the boundary layer into three regions, each using different Prandtl numbers
and shear stress distributions. This analysis provided quite reasonable results, illustrated
the effect of Prandtl number, and showed that the local total temperature must exceed
the free-stream total temperature near the edge of the boundary layer for adiabatic flat
plate flow with nonunity Prandtl number.

Walz (Ref. 33) and Michel (Ref. 34) have investigated the problem along the lines
of van Driest (Ref. 31). By making certain approximations to the general expressions of
van Driest (Ref. 31), for example, Michel (Ref. 34) points out that if shear stress and
Prandtl number were taken as constant, one obtains

(T T ) (T - T ) u2
T = T w + aw - w U - aw 00 (43)

where the adiabatic wall temperature appears in the definition of the recovery factor

r =
Taw - Too

T - T
0,00 00

(44)

It is pointed out by Schlichting (Ref. 35) and Michel (Ref. 34), for example, that Eq.
(43) follows directly from Eq. (42) simply by introducing Taw in place of To ,00' because
To,eo in Eq. (42) is actually-Taw for unity Prandtl number. Equation (43) is frequently
referred to as the modified Crocco law, and it is the same as Eq. (15.19) in Schlichting
(Ref. 35).

A parameter frequently used for presenting temperature data is T =(To - Tw)/(To ,eo
- Tw). From Eq. (42) one obtains

T=u (45)

Note that Eq. (45) is for unity Prandtl number because of the same restrictions on Eq.
(42). For an adiabatic wall Tw = Taw = To,eo and from Eq. (40) To = To,eo = Taw and
T is undefined. From Eq. (43) for an adiabatic wall, Le., Taw = Tw, one obtains the
quadratic form
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(46)

which does not require unity Prandtl number. However, Eq. (46) does riot conserve energy

across the boundary layer for nonunity recovery factor. This is easily seen by considering

the total energy integral equation (see for example Shapiro (Ref. 36)), which for an

adiabatic flat plate flow can only be satisfied if To takes on values in the boundary layer
that are both less' than and greater than To , i.e., there must be total-temperature,00
"overshoot". It is clear that To can never be greater than To ,00 according to Eq. (46)
assuming U ~ I.

Meier (Ref. 37) recently made an interesting investigation of temperature distributions
in turbulent boundary layers by considering a mixing-length hypothesis to describe a

variable Prandtl number through the boundary layer. A somewhat similar analysis for the
variable Prandtl number was carried out by Cebeci (Ref. 38). A variable Prandtl number
approach certainly seems warranted in view of the rather extreme variations in Prandtl
number which have been observed experimentally, e.g., see Refs. 39 and 40. However,
Meier's (Ref. 37) approach to predicting velocity-temperature relations does not conserve

momentum or energy, does not satisfy the boundary condition at the edge of the boundary
layer, requires numerical solutions, and involves nine initial variables and parameters. It

would appear that results obtained using, for example, Refs. 37 and 38, for a variable
Prandtl number description near the wall in van Driest's (Ref. 31) general expressions

for a variable Prandtl number analysis, would be more appropriate. Unfortunately, such
solutions would likely need to be carried out numerically, which would limit their practical
applications for such purposes as data reduction.

The objective of the present work was to obtain an analytical description of the

temperature as a function of velocity throughout a turbulent boundary layer for constant

but nonunity Prandtl number. The approach was to use the equation resulting from
combining the boundary-layer momentum and energy equations and model the local

shear stress by expressing it as a function of the local turbulent kinetic energy in the

boundary layer. A second-order, nonlinear, ordinary differential equation results, for which

zeroth- and first-order perturbation solutions were obtained for temperature as a function
of velocity in terms of the assumed small parameter € = I - Prm • Crocco's (Ref. 28)
result, Eq. (42), is recovered identically by the zeroth-order solution. A Reynolds analogy

factor is also calculated from the present solution.

4.1 DEVELOPMENT OF THE BASIC EQUATION

The starting point of this analysis is the equation obtained by making the proposition

that temperature is a function of velocity only, T = T(U), and then combining the
boundary-layer momentum and energy equations (see, for example, page 342 of Schlichting
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(Ref. 35». It is shown in Schlichting that the proposition is correct if (l) the pressure
and wall temperature gradients are zero and the Prandtl number unity or (2) the wall
is adiabatic and Prandtl number unity for nonzero pressure gradient. Because the present
approach is to obtain solutions for Prandtl numbers near unity, it is assumed that the
solutions are approximately correct for conditions (l) and (2) above for near unity Prandtl
numbers.

The boundary-layer equations considered consisted of both the laminar and turbulent
contributions to viscosity and thermal conductivity. van Driest (Ref. 31) considered these
same equations, and obtained for constant mixed Prandtl number, Prm, the expression

d2"h (1 _ Pr ) _1 _dr dh + 2+ Pr (y - l)M = 0
~ ill r d'U d'U ill 00

du
(47)

Equation (47) is valid for dp/dx = 0, or for Prm = 1 and adiabatic wall if dp/dx =1=

O. The shear stress in Eq. (47) is comprised of both a laminar and turbulent portion.
Again, the Reynolds stress is related to the local turbulent kinetic energy, e, in the boundary
layer by Eq. (6). By fitting analytical' approximations to numerical solutions and
experimental data for e, for values of y larger than the y corresponding to the location
in the boundary layer of maximum e (em ax) as predicted by the numerical solutions,
the expression

e
(48)

was obtained as an approximate analytical fit where,., = y/fJ and c is a constant equal
to 4. An example of the quality of fit is given in Fig. 10 by comparison with the present
numerical solutions and the experimental data of Klebanoff (Ref. 25). Using Eq. (48),
the expression

(49)

was obtained for an approximation to the total (laminar and turbulent portions) shear
stress distributions where U,,2 = "w /Pw'

Using Eq. (49) fOf the shear stress, and considering the terms containing" in Eq.
(47), one obtains

1 dr

r d'U

28

1 dh

11 d'U
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In order to eliminate 11 from Eq. (50), it was assumed that u = 111 / m for this term. This
assumption is justified only by the final results (a value of m = 7 was used for the present
results). Equation (50) can then be used in Eq. (47) to obtain

(

5
- m-I --

5 _2 '1 dh dh
(l - Pr ) -2 em u + = -=)-= + Pr (y - 1)YI 2

ill h du du ill 00
o (51 )

1.41.21.00.6 0.8
y/6
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Figure 10. Theoretical and experimel"tal turbulent
kinetic energy distributions.

Introducing € = 1 - Prm and the terms as defined in the nomenclature, Eq. (51) can
be written

(52)

which is the basic equation.

4.2 CONSTANT WALL TEMPERATURE SOLUTION

Equation (52) is a second-order, nonlinear, ordinary differential equation for h(u).
This equation was not solved in closed form. Zeroth- and first-order perturbation solutions
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were obtained in terms of the small parameter e. The boundary conditions for the constant
wall temperature problem are

11(0) l1w and 11(1)

Assuming a solution of the form

1 (53)

one obtains to zeroth order

(54)

-A (55)

and to first order

d 2}; dh o__I = /3ua-1
_2 du

du

+ _I (dh~)2 + A
h \ du
°

(56)

The boundary conditions given by Eq. (53) become

(57)

The solution to Eq. (55) for the zeroth-order boundary conditions in Eq. (57) is

(58)

Equation (58) was used in Eq. (56) to solve for hl (u). The integration was tedious but
straightforward. The first-order boundary conditions in Eq. (57) were satisfied by the two
integration constants from Eq. (56), and the solution hl (u) was included in Eq. (54)
along with Eq. (58) to obtain, up to frrst order, the solution

- - - - _ A -2 [ f3 Au ( _a+
1
)

h(U) = h w + (Ho,oo - hw)u - "2 u + E~a + 1Ha + 2) 1 - u

f3(Ho ,oo - hw)u (1 _ ua) + ~ u(1 _ U) + (1 - U) £(0) + u£(I) - £(U)1 (59)
a(a + I) 2 'J

where

11
£(U) = A[«( - 11) In I( - 11\ - «( + 11) In I( + I1IJ
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and

!':! = [2A h + (H _ h )2] ~
w 0,00 w

4.3 ADIABATIC WALL SOLUTION

The boundary conditions for the adiabatic wall problem are

dhl ----= = 0 and h(l) = 1
du u=o

(62)

(63)

Assuming again the form of the solution given by Eq. (54), the same zeroth- and first-order
equations, Eqs. (55) and (56), were obtained. The appropriate boundary conditions become

dhl _ dh 1 \ _
_ 0 = O,h (1) = 1 and d- - 0 = 0, h 1(1) = °

du u=O ° u u=
(64)

The solution to Eq. (55) for the zeroth-order boundary conditions in Eq. (64) is

(65)

As before, hi (u) was obtained by using the solution for ho(u), Eq. (65), in Eq. (56)

and satisfying the first-order boundary conditions in Eq. (64). The complete solution,
up to first order, is

h(~ 1 ~ (1 -2) [ (3A (1 -a+2) ~2 (1 - u 2) + £(1) - £(u~ (66)
UI = + 2 - u + E Ua + l)(a + 2) - u + ~

where

, = - Au

and

(2AH )~
0,00

4.4 REYNO LDS ANALOGY

(67)

(68)

(69)

The derivation of the Reynolds analogy factor s is straightforward, and for the
boundary-layer equations considered is given by (Ref. 31)
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(70)
s _

Prm (haw - h w)

~Lo
Values of s were obtained by using Eq. (59) for h(u) in Eq. (70). The term dh/dulu=o
was found not to approach zero at the same rate as (haw - hw) for near-adiabatic wall
conditions for all Mach numbers, and a singularity occurred at hw = haw. However, quite
reasonable values of s for hw, both greater than and less than haw, were obtained and
will be compared with experimental data.

4.5 COMPARISONS WITH EXPERIMENTAL DATA

To apply the analytical velocity-temperature results, it is necessary to know the Prandtl
number. Specific values of the turbulent Prandtl number have been suggested by van Driest
(Ref. 31) as Prt = 0.86, Bradshaw (Ref. 41) as Prt = 0.91, and Elser (Ref. 42) as Prt
= 0.921. However, as mentioned, experiments (Refs. 39 and 40) indicated that Prt varies
from above one near the wall to about 0.5 or 0.7 at large distances from the wall. These
data have a relatively significant amount of scatter as might be expected due to the
experimental difficulties. Because the variation in experimental recovery factors is less than
in experimental Prandtl numbers, it was decided to determine Prm by assuming a constant
r and calculating Prm using the adiabatic wall solution. It was assumed that the Prm

determined by this procedure was also applicable to nonadiabatic wall conditions. This
calculation was carried out by using Eq. (66) with u = 0 and Eq. (44) to provide two
equations for the two unknowns Prm and haw (or Taw). The values of Prm determined
in this way are presented in Fig. 11 for r = 0.87, 0.88, 0.89, and 0.90. Available values
of experimental recovery factors seem to indicate a value of r = 0.88 as being representative,
and this value was used for the present results. For r = 0.88, 0.800 < Prm < 0.914
for all Mach numbers. For Moo > 2.5, the Prm from Fig. 11 for r = 0.88 is essentially
bounded by the suggested turbulent Prandtl number values of van Driest (Ref. 31) and
Bradshaw (Ref. 41).

Some of the velocity-temperature results are presented in u-T coordinates. It should
be pointed out that T is a sensitive parameter. For example, for an adiabatic surface

in moderate supersonic flow T = (To/To ,00 - Taw/To,oo)/(l - Taw/To '00)' and (l-Taw/To,oo)
is of the order 1/10. Therefore, if a To /T~ ,00 overshoot of one percent occurs, the result
is a ten percent, or order of magnitude more overshoot in T. The adiabatic wall solution,
Eq. (66), is presented in Fig. 12 for 'Y = 7/5 and various Moo (actually, rather than 'Y
and Moo, A = ('Y-1)Moo2 is the appropriate parameter). The overshoot in T decreases as
Moo increases, a result to be checked subsequently by comparison with experimental data.
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1.0

O. 9

0.8

r = 0.90
0.89
O. 88
0.87

20155 10
Moo

Figure 11. Mixed Prandtl number as a function of Moo for 'Y = 7/5.

1.4 y = 7/5
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o

1.2
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Figure 12. Velocity-temperature relations
for an adiabatic wall according
to Eq. (66).
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Because the present result is an approximate analytical solution with constant Prandtl
number, it was of interest to compare these analytical results with numerical solutions
to the full boundary-layer equations including laminar and turbulent terms with variable
Prandtl number. This seemed particularly warranted in view of the recent results of Meier
(Ref. 37). A comparison is presented in Fig. 13 between Eq. (66) and numerical results
provided by Adams (Refs. 43 and 44) for 'Y = 7/5, Moo = 4, and adiabatic wall, using

1.2

-----Numerical Results of Adams with
Cebeci's (Ref. 38) Variable Prandtl Number*

---Numerical Results of Adams with
Constant Prandtl Numbers of 0.88*

---Eq. (66) with Prm= O. 88

1.00.80.60.4O. 2
01l'.ooill~........I................."""""""................I_........""",,,,-_--J

o

O. 2

0.8

1.0

0.4

f 0.6

TI

Figure 13. Velocity-temperature relations for
constant and variable Prandtl number,
adiabatic wall, Moo = 4, and 'Y = 7/5.

constant laminar and turbulent Prandtl numbers of 0.88 and also the variable turbulent
Prandtl number description of Cebeci (Ref. 38) with Pr =0.71. (Adams' calculation scheme
was used because of its variable Prandtl number capability. The numerical scheme discussed
in Section 2.0 was run for constant Prandtl numbers of 0.88 for comparison with Adams'
results, and the results were essentially identical.) According to Adams*, the
inflections in the numerical results' for the variable Prandtl number for u > 0.6 were
sensitive to the modeling of the variable Prandtl number. Because of the rather significant
size of the uncertainty envelope near the wall of the experimental data used to qualify
the variable Prandtl number analysis of Cebeci (Ref. 38) (attributable to experimental
difficulties extremely close to the wall), and because almost the entire boundary layer

*Unpublished data furnished by J. C. Adams, Jr., VKF, AEDC.
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corresponds to u > 0.6 for a turbulent boundary layer, the agreement in Fig. 13 between
the more exact numerical results and the approximate analytical result, Eq. (66), is
considered good. Included in Fig. 13 are the linear and quadratic results given by Eqs.
(45) and (46). In addition, an analog computer solution was obtained for Eq. (52) for
these conditions, and the results cannot be discerned from the result given by Eq. (66)
in Fig. 13.*

Experimental adiabatic (or nearly so) wall data of Gates (Ref. 13) for Moo ~ 4 and
Voisinet (Ref. 37) and Voisinet** fOr Moo ~ 3 are compared with Eq. (66) for Moo =3.5 in
Fig. 14. It should be pointed out that Gates' temperature data were interpolated for u
less than about 0.65, but were measured for u > 0.65. This limitation was due to probe
size. Voisinet's data were taken with a fine-wire temperature probe (Ref. 45) and do not
have this restriction. The wiggle or inflection point in these data near u of 0.6 is similar
to the predictions of Meier (Ref. 37) and Adams using a variable Prandtl number through
the boundary layer. According to Voisinet**, this trend was repeatable in the experiments;
however, the absolute value of the data in terms of T might not

1.00.80.60.4

o

Men Ref. Model

4. 11 37 Flat Plate
3. 96 37 Boundary-Layer Channel
2.94 Voisinet** Boundary-Layer Channel
2.90 Voisinet** Boundary-Layer Channel
3. 50 Eq. (66)

O. 2
O_IIIOOiioo_o()i-_........__......_-"""-_.........

o

O. 2

Sym
0

0

A

¢

1.2

1.0

O. 8

T 0.6

0.4

Figure 14. Theoretical and
experimental
velocity-ternper
ature relations
for Moo of
approximately
3 to 4 and
adiabatic walls.

*This analog computer solution was provided by J. A. McClure, ARO, Inc.

**Unpublished data furnished by R. L. P. Voisenet, Naval Ordnance Laboratory, June 1974.
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be precisely repeatable. For example, a one-Kelvin-degree change in the measured local
total temperature near u= 0.6 would produce a IS-percent change in T for the conditions
of these data. Such sensitivity should be kept in mind when considering data in u-T
coordinates.

Experimental data similar to those in Fig. 14, except for Moo being approximately
5 and 6, are compared to Eq. (66) for Moo = 5.5 in Fig. 15. The quality of agreement
between experiment and theory is about the same as obtained in Fig. 14, which is
considered reasonable.

Sym Moo Ref. Model
0 4.93 46 Wind-Tunnel Nozzle
t::. 6.02 47 Hollow Cylinder
0 4.85 13 Boundary-Layer Channel
<> 4.96 13 Boundary-Layer Channel

1.2 5.50 Eq. (66)
t::.

t::.t::.

1.0

0.8 Figure 15. Theoretical and experimen-
tal velocity-temperature

0.6 relations for M
00

of

f approximately 5 to 6
and adiabatic walls.

0.4

O. 2

0

0

-0.2
0 0.2 0.4 0.6 0.8 1.0

TI

Mention should be made of the data of Sturek and Danberg (Refs. 48 and 49) which
were used by Meier (Ref. 37) for the selection of constants which appeared in his work.
Sturek (Ref. 49) states that these measurements were made in essentially adiabatic flow
after 25 to 30 minutes of run time, ~nd no heat-transfer effects were expected to appear
in the data. These data, however, were shown by Sturek (Ref. 50) to exhibit an extreme
11 dip 11 in T for u ~ 0.6. Except for the downstream adverse pressure gradient these
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measurements correspond to conditions similar to those of Voisinet, although Voisinet's
measure'ments were made with a fine-wire probe (Ref. 45) and Sturek's (Ref
49) measurements were made with a wedge-type probe. Sturek and Danberg (Ref. 48)
present temperature data to within 0.0028 in. of the wall. However, the wedge-type probe
used was stated (Ref. 49) to be 0.010 to 0.015 in. thick at the tip where the measurement
was made. Therefore, some of the data near the wall were interpolated or extrapolated.
Moreover, the location of the dip in T corresponds to the approximate location of wall
influence on probe measurements for this size probe as determined by Allen (Refs. 51 and
52). Because Sturek's data correspond to approximately the same flow conditions as
Voisinet's, e.g. a Mach number of 3.5 for Sturek's data as compared to 2.9 for Voisinet's
data, only the latter are considered here.

Diabatic, zero-pressure gradient data of Danberg (Ref. 53), Hopkins and Keener (Ref.
54), and measurements made by Adcock and Peterson and reported by Bertram and Neal
(Ref. 55), are compared with Eq. (59) in Fig. 16. The cold-wall results, both calculated
and measured, tend to be more linear in u-T coordinates and have less or no T overshoot.
The calculated curves in Fig. 16, for the two conditions indicated, essentially bound the
curves which would correspond to the conditions of the other data in Fig. 16.

1.00.6 0.80.40.2

0.2

Sym Moo TwfTo, 00 Ref. Model
0 6.37 0.515 53 Flat Plate
c 6.34 0. 782 53 Flat Plate
0 6.50 0. 268 54 Flat Plate
~ 6.50 0.446 54 Flat Plate
a 6.00 0. 38 55 HoliaN Cylinder
0 6.00 0.49 55 HoliaN Cylinder

1.2 6.50 0. 268 Eq. (59)
6.34 0. 782 Eq. (59)

1.0

0.8

T 0.6

0.4

Figure 16. Theoretical and experimen
tal velocity-temperature
relations for Moo of 6.0 to
6.5, nonadiabatic walls,
and zero pressure gradient.
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As alluded to, increasing T overshoot for the same u is predicted by the present

results for decreasing Moo and adiabatic wall. This result is qualitatively supported by the

data of Winter and Gaudet (Ref. 12) as shown in Fig. 17.

1.4
~ Moo Ref.

a 0.8 12
a 2.2 12

1.2 0.8 Eq. (66)
2.2 Eq. (66)

1.0

0.8
Figure 17. Theoretical and experimental

f velocity-temperature relations
0.6 for M of 0.8 and 2.2 and

00

adiabatic walls.

0.4

0.2

0
0 0.2 0.4 0.6 0.8 1.0

ij

An interesting comparison between predicted and measured temperature distributions

as a function of Mach number is presented in Fig. 18. These data were used by Winter

and Gaudet (R ef. 12) to obtain a reliable relation between local temperature and Mach

number for 2.2 ~ Moo ~ 6.0. The present analytical result for Moo = 2.2 is shown in

Fig. 18. There is an effect of Moo on the present result, causing it to move toward the

modified Crocco result (the linear curve) as Moo increases. However, this effect is slight

over the Moo range of the data in Fig. 18, and the Moo = 2.2 result provides a lower

bound and yet is in relatively good agreement with the experimental data.

Some results on Reynolds analogy according to Eq. (70) are given in Fig. 19. The

singularity which occurs in Eq. (70) at TwITaw = 1 appears to influence the solution

only in a region near TwITa w = 1. This observation is based on the fact that if the

region near TwITa w = 1 is excluded, then a smooth curve can be faired through this
region which asymptotically joins the results for Tw/Taw < 1 and Tw/Taw > 1. However,
the results for small values of TwITaware of primary interest here, because this particular

distribution does not appear to have been previously predicted.
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I

M
1 I

LISym 00 Ref.
f---

2.2 12 L#~'
0

0 3.0 56
f--- x 2. 8 57 £>'A 6.0 47
- - --- Eq. (43)

iLJ~
----- 2.2 Eq. (66)

~
~

l'V
I/~

Y
V

1/o
o O. 1 O. 2 O. 3 O. 4 O. 5 O. 6 O. 7 O. 8 O. 9 1. 0

(M:)2

1.0

0.9

0.8

G. 7

1 1 0.6
f- Tw 0.5-1--1

Too -Tw 0.4

0.3

0.2

O. 1

Figure 18. Theoretical and experimental Mach number
temperature relations for adiabatic walls.

Figure 19. Reynolds analogy as a fun~tion

of wall temperature according
to Eq. (70).

1.2

1.1

1.0
cf

2ch
0.9

0.8

O. 7
0

Cf
Moo Tawrro,ms =1Ch
Q1 0.9998

1 0.9795

2 0.9475

5 0.9000

A comparison of Eq. (70) with experimental data is presented in Fig. 20. The solid

curve in Fig. 20 is Eq. (70), and the dashed extension is the limiting result of Eq. (70)

for large Tw /Taw . With the exceptions of Eq. (70) and the data of Wilson (Ref. 69),

Fig. 20 was taken from the report of Cary (Ref. 70). Note that Cary plots 2Ch/C[ rather
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than the inverse as plotted in Fig. 19. Of particular interest here is the behavior of 2Ch ICf

for small values of hw IHo '00' Cary states that there is an indication from the experimental
data that decreasing the ratio of hw IH o ,00 decreases 2Ch/cf, an observation predicted by

~ Moo Ref.
Sym Moo Ref. 17 7.0 61, 62, and 63

0 4.0 55 0 6.4
<> 2.5 58 0 5.4
0 6.8 59 \J 5.8
~ 7.4 60 <l 7.1
0 6.8 60 a 11. 3
0 8.8 61,62, and 63 0 11. 7
0 7.4

j
0 1.2

D. 4.6 (J 4.9 64
\l 7.6 Y$!h 1. 5 to 4.0 65
[7 8.1 11IIIIIIII Oto 0.3 65

This Li ne Represents Wilson's
Experi mental Data (Ref. 69)

jOZICN IRef. 68), Moo· 3
Re = 106

00, x _ 7
Rem, x - 10 Colburn (Ref. 66)

1.3 ~ _ ._~Chiandspaldin~IRef. 651
1.2

2ch
1.1 ~ -. ~ }~LimitsforvonK~r~n
1.0

<J ~ (Refs. 32 and 55)
cf 0.9 Kazlov (Ref. 68),~

Reoo x = 1~ Reynolds (Ref. 67)
0.8 Re ' = 107
0.7

0
m,x

0.2 0.4 0.6 0.8 1.0 1.2 1.4
hw/Ho,oo

Figure 20. Theoretical and experimental Reynolds analogy data.

the present result. This observation is further substantiated by the results of Kozlov (Ref.
68) and Wilson (Ref. 69), both of which are presented in Fig. 20. Kozlov's (Ref. 68)
results are empirical expressions for the local skin-friction coefficient and Stanton number
which were derived independently from fits with experimental data. Wilson (Ref. 69) states
that the theoretical prediction of decreasing 2Ch/cf with decreasing hw IHo ,00 has not been
reported. For larger values of hw IRo '00' the present result is seen in Fig. 20 to be about
a compromise of the results of previous investigators.

5.0 DATA REDUCTION OF PITOT PRESSURE MEASUREMENTS

The results of the previous two sections, and the work of Allen and Tudor (Ref.
71) in determining skin friction from pitot pressure measurements, are incorporated in
this section in a data reduction computer program. Input includes spatial measurements
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of pitot pressure taken normal to a wall, and output includes Mach number distribution,
velocity distribution, temperature distribution, various boundary-layer parameters, and skin
friction.

The calculation of Mach number distribution is, of course, not new and is included
only to be complete. Further usefulness of pitot pressure data follows if the temperature
distribution is measured or some relation between velocity and temperature is used. It

is assumed here that only pitot pressure data are available, and a relation between velocity
and temperature is required. Commonly used relations are either the Crocco (Eq. (42))
or modified Crocco (Eq. (43)) result. Crocco1s relation is essentially the assumption of
a constant total temperature across the boundary layer with the requirement that the
wall temperature be equal to the free-stream total temperature. The modified Crocco result
does not require a constant total temperature; however, it does not properly predict the
total-temperature distribution for an adiabatic wall (as discussed in Section 4.). The
velocity-temperature relations used here are those obtained in the previous section. Using
a velocity-temperature relation, it is possible to calculate velocity and temperature
distributions, boundary-layer parameters, and skin friction. A listing of the computer
program is given in Appendix B.

5.1 MACH NUMBER, VELOCITY, AND TEMPERATURE DISTRIBUTIONS

The data reduction program was written such that if the free-stream flow is subsonic,
then the static pressure (which is usually measured to determine M,,) is input for the
y = 0 point (at the wall) and Moo is calculated from the perfect gas, isentropic relation
(Ref. 72)

Po ,CXl

(71 )

If the free-stream is supersonic, then Moo is obtained by solving the adiabatic, perfect gas
equation (Ref. 72)

P~,oo

Po ,CXl

(72)

for Moo by the Newton-Raphson method (Ref. 73).

The Mach number distribution across the boundary layer is obtained by solving the

Rayleigh pitot equation (Ref. 72)
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for M for

and

L 1

p~ = f(y + 1)M
2Jy-l [ y + 1 Jy_

1

Poo [ 2 2yM 2 (y-l)

P~ I(> ((y + 1)/2)Y y--l)
Poo

L

(
y - 1 2)y-l

1 + -2- M

(73)

(74)

for M for p~/Poo ~ ((y + 1)/2)"'(/("/:'1). The static pressure is assumed constant across the
boundary layer, and is input for Moo ~ 1 and calculated from Eq. (71) for Meo > 1. Equation
(73) is solved for M by the Newton-Raphson method (Ref. 73).

The Mach number distribution provides one equation for velocity I and temperature
at each measured point (spatial position) in the boundary layer according to the expression

(
T )Y2M u 00

Moo = Uoo T
(75)

which, of course, is a consequence of the definition of Mach number. The left-hand side
of Eq. (75) is known from the Mach number distribution, and therefore, U/Ueo and T/Teo
can be determined if another independent equation is available to provide two equations
for the two unknowns, U/U00 and T/Teo. The expression used for this equation is that
given by Eq. (59) or (66). Equation (75) and Eq. (59) or (66), whichever is appropriate,
are solved simultaneously for the velocity and temperature.

Having calculated spatial distributions of velocity and temperature, and using p/Poo
= T,jT because of the assumption that the static pressure in the transverse' direction is
constant, various boundary-layer parameters such as displacement and momentum thickness
can be calculated by numerical integration. Because of experimental difficulties associated
with making measurements extremely close to a wall, Eq. (35) of Section 3.0 is used
to describe the velocity distribution (from which temperature is determined using the results
of Section 4.0) for y+ < 140.
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5.2 SKIN FRICTION

The skin friction is determined by the technique discussed by Allen and Tudor (Ref.

71). Allen and Tudor present plots of U/Uoo versus (Jloo/Jlw) Reoo'y with several curves,
each for constant Cf. Each plot is for different Moo' These plots are based on the
compressible law-of-the-wall as presented by Fenter and Stalmach (Ref. 74). This equation
is given by

. -1 {, 11 u~
sm ,/2 D:J

( -)~Cf T w
a- 

2 T
00

~ ( T)X]f.l oo C f 00-

5.751og10 Re -_ - - + 5.1
oo,y f.lw 2 T

w (76)

The technique of Allen and Tudor (Ref. 71), which is an idea first proposed and

used by Clauser (Ref. 75) for incompressible flow, is to plot U/Uoo versus (Jloo/Jlw) Reoo'y
on transparent paper and overlay it on the plot in their report for the appropriate Moo'
and determine Cf by the curve in best agreement with the experimental data. Agreement

cannot be expected all the way across the boundary layer, i.e. for all values of (Jloo/Jlw)

Reoo,y. This is because the law-of-the-wall expression is only valid in a particular region
near the wall. The reader is referred to Ref. 76 for an example of the agreement sufficient
to determine Cf by this method. The trend is for the experimental data to follow a curve
which is parallel to a constant Cf curve. The value of Cf which corresponds to the curve
fit that passes through the experimental data in this portion of the curve is the appropriate
value of Cf for the experimental data. That is, there are data points in a profile set which
have the same values of Cf. This technique has the important practical advantage of not
requiring data from the sublayer.

In lieu of plotting the data, skin friction is determined in the present data reduction
program by solving Eq. (76) for Cf by the Newton-Raphson method (Ref. 73) at each
point across the boundary layer. Assuming the viscosity is proportional to temperature
to some power, everything in Eq. (76) is known except Cf' The power law Jl '" TO.7 6 8

was used in Jhe present data reduction because it was that used by Allen (Ref. 76). For
the experimental data considered thus far, the constant values of Cf for each set of data
(Le. the data for each profile set) have also been equal to the minimum Cf in a profile
set. Equal here means within the scatter of the data. This facilitates the selection of the
appropriate Cf in the computed set of Cf'S.

It was pointed out by Allen and Tudor (Ref. 71) that the law-of-the-wall given in
Ref. 74 has only been verified for an adiabatic or near-adiabatic wall. Also; Allen and

Tudor further state that the surface should be smooth in the aerodynamic sense, and
caution should be employed in using the technique in flows with large pressure gradients.
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Verification of this technique was investigated by considering the experimental data
of Winter and Gaudet (Ref. 12). Winter and Gaudet measured skin friction using a balance.
They also made boundary-layer pitot surveys which were used to determine D/D

eo
which

in turn were used to determine Cf by the present data reduction program for comparison
with Cf as determined by the balance measurements. These results are presented in Fig.
21 and good agreement is obtained between these two methods of determining Cf.

0.003 Experimental Measurements of
Winter and Gaudet (Ref. 12)

o Moo ~ 0.2
o Moo ~ 2.2

0.001 0.002
tt, Balance Measurement

0.003

Figure 21. Skin-friction coefficients as determined by balance measurements
and data reduction of boundary-layer pitot pressure measurements.

6.0 TURBULENT BOUNDARY-LAYER MEASUREMENTS
FROM TUNNELS 16S, 16T, AND ART

6.1 MACH NUMBER, VELOCITY, AND TEMPERATURE DISTRIBUTIONS

Boundary-layer measurements have been made on the walls, ceiling, and floor of the
16-ft Supersonic Wind Tunnel (16S) in PWT by Baker and Pate (Ref. 77) and Maxwell
and Hartley (Ref. 78). These measurements were made using a pitot pressure rake where
the spacing between probe centers was 0.5 in. near the wall and 1.0 in. away from the
wall. Recently, measurements have been made of the floor boundary layer in 16S using
a traversing probe mechanism to make pitot pressure and total-temperature measurements
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simultaneously. Results from the pitot pressure measurements are presented in Figs. 22
through 24. These ,results are for Station -2.9 which is 61.6 ft (axial distance) downstream
of the geometric nozzle throat. The numerical solutions were started at the nozzle throat
and the pressure gradient corresponding to that appropriate for the flexible sidewalls rather
than the straight floor or ceiling wall was used because it was known from the nozzle
design criteria. The initial conditions used to begin the numerical computations at the
throat were estimated by obtaining solutions (beginning about 75ft upstream of the throat)
through the converging portion of the nozzle using the pressure distribution from assuming
one-dimensional flow through the geometric area distribution. The numerical results for
Station -2.9 were relatively insensitive to the initial conditions, so long as the initial
boundary-layer displacement thickness did not exceed that predicted by the numerical
solutions up to throat.

1.0 1.0 1.01.0 1.0 1.0 1.0
U/Uoo

0.6 0.80.2 0.4
O ........_...J-_..."""",o.;;;;,(I~~~~i....-~~......I...I;~;;;;;;;W~&;;;;t~i:;;;:;;;s;:;", ..........I-.._...J

o

~ Moo Rea/ft Probe Size, in. Source
0 1. 60 O. 738 x 106 0.035 16S Data
0 1. 60 0.738 x 106 0.032 16S Data
¢ 1.60 1.105 x 106 0.035 16S Data
D 1. 60 1. 361 x 106 0.035 16S Data
c:. 1. 60 1. 602 x 106 0.035 16S Data
0 1. 60 1. 614 x 106 0.035 16S Data
A 1. 60 1. 602 x 106 0.032 16S Data

1. 60 0.700 x 106 Present Calculation
1. 60 1. 600 x 106 Present Calculation

10 9 ¢ D

All Results for Sta -2.9
J

D9 ¢
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8 0 ¢ D,
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p ¢ D

I ¢ D
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0 ¢
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2

Figure 22. Theoretical and experimental velocity distributions
in Tunnel 168 for Moo = 1.6.

The agreement between calculations and experimental data in Figs. 22 through 24
is considered good. The maximum discrepancy occurs for one of the lowest Reynolds
number, Moo = 1.6 profiles in Fig. 22 indicated by the circle symbols. This profile
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measurement was repeated one week later using a different pitot probe, and better
agreement was obtained as indicated by the square symbols in Fig. 22. Although the digital
voltmeter output of the pitot pressure was not stable while the circle symbol profile was
taken, the discrepancy is not necessarily attributed to probe vibration or transducer
problems. Maxwell and Hartley (Re[ 78) observed some time ago that at low Mach number
the boundary layer varied with time. This anomaly was not resolved in their work and
it is not resolved herein.

Boundary-layer measurements have recently been made on the floor and eastside
wall of the 16-ft Transonic Wind Tunnel (l6T) in PWT using this same traversing probe
mechanism. These measurements were made at Station -8 on the solid walls between the
fust upstream hole patterns at the beginning of the transition region which separates the
solid and porous tunnel walls. Measurements on the floor centerline were made first and
compared with the present numerical solutions. The pressure gradient used for the
calculations was obtained from static pressure measurements extending 32 ft upstream
of the point of measurement, and the pressure distribution upstream of the static
measurements was obtained from solutions using the Potential Flow Computer Program
(Ref. 79) and were provided by Palko, Todd, and Lutz of AEDC. Examples of these
boundary-layer results are presented in Fig. 25. All measured boundary layers were thinner
than predicted. The results from the potential flow solution for Moo = 0.6 and 0.8 indicated
a pressure difference between floor (or top) and sidewall due to the difference in
contraction of the top and bottom and the sidewalls. (The top and bottom wall contraction
is the same and each sidewall contraction is the same.) The sidewall pressure was larger
than the top or bottom wall pressure upstream of Station -60, and then the bottom and
top wall pressure was larger than the sidewall pressure downstream of Station -60, with
all pressures becoming equal at Station O. Considering the possibility that mass flow from
the floor boundary layer could be taking place because of this pressure difference
downstream of Station -60, the probe was moved to two feet below the east wall centerline
at Station -8 and further measurements were made. Examples of these results are given
in Figs. 26 and 27. The predicted boundary layers are only slightly thicker than the
measured and better agreement is obtained than with the floor data.

To investigate flow behavior further in 16T, the east half of the floor and bottom
half of the east wall were coated with oil to visually study flow direction near the wall
for a Moo = 0.7 flow condition. Two primary results of this investigation should be noted.
First, oil streaks downstream of Station -60 and upstream of Station -8 definitely indicated
a flow direction across the bottom wall, away from the centerline, and up the sidewall.
Secondly, although no pumping is applied to the porous walls at Moo = 0.7, oil streaks
indicated that some of the holes were actually pumping in the transition region, and also
some streaks indicated the flow was influenced by this local pumping a few feet
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(approximately two to three) upstream of the transition region. Therefore, in addition
to mass being moved from the floor to the sidewall, it could also be removed from the
solid wall region existing between the sawtooth pattern of holes at the beginning of the
porous wall transition region, thereby thinning the boundary layer.

Results from the total-temperature measurements which were made simultaneously
with the pitot pressure in 168 are presented in Figs. 28 and 29 in u - T coordinates.
One set of the Moo = 2.2 data is presented in Fig. 30 in terms of T/T~ versus U/Uoo.
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Also presented in Fig. 30 are the present results according to Eq. (59) and Crocco's result,
Eq. (42), which assumes constant total temperature across the boundary layer and is
frequently used to reduce pitot pressure data. The sensitivity of the u-T coordinates
is again made clear by the fact that although the trend of the present analytical results
is in agreement with the experimental data in Figs. 28 and 29, the absolute value is not
in agreement for all U/Uoo for these particular data. However, good absolute value agreement
is obtained in Fig. 30 in terms of static temperature. Fortunately, for data reduction
purposes, it is the· agreement in static temperature as a function of velocity that is
important.
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Figure 26. Theoretical and experimental velocity distributions 2 ft below east-wall
centerline in Tunnel 16T for Moo = 0.7.

y, in.

Comparisons between experimental data and the numerical calculations of Section
2.0 are presented in Fig. 31 for Moo = 1.6 and 2.2. The agreement is considered reasonable.

The total-temperature probe used to obtain the temperature results in Figs. 28 through
31 was 0.046 in. in diameter and constructed according to the description given in Ref.

80. The center of the total-temperature probe was positioned to be the same distance
from the wall as the center of the pitot pressure probe and was traversed simultaneously
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with the pitot probe. The probe recovery factor was determined by relating the measured
probe temperature outside the boundary layer to the tunnel total temperature as measured
upstream in the stagnation chamber. Tunnel stratification was neglected. The wall
temperature was measured by determining the surface temperature of two 0.25-in. Gardon
gages (Ref. 81) located on the tunnel floor near the total-temperature probe. These two
measured wall temperatures were within 0.2°F.

Sym Rem/ft « •
9, in. H Source.L.J.!!=.

0 1. 983 x 106 0.606 0.366 1.654 16T Data
1. 967 x 106 0.682 0.431 1. 581 Present Calculation
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Figure 21. Theoretical and experimental velocity distributions 2 ft
below east-wall centerline in Tunnel 16T for Moo = 0.9.
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6.2 SKIN FRICTION

Of particular interest here are the tunnel wall skin-friction coefficients in l6S. Tunnel
wall skin-friction coefficients are required in the boundary-layer transition correlation
method of Pate and Schueler (Ref. 82). Boundary-layer pitot pressure measurements were
made by Baker and Pate (Ref. 77) on the ceiling and east wall of l6S at Station 5.4.
These measurements were used to determine Cf and a* which were used in the correlation
of the boundary-layer transition measurements made on a l2-in.-diam hollow cylinder
located in the l6S test section. Skin friction was determined for use in Ref. 82 by the
expression Cf = 28/Qr where Qr was taken as the axial distance from the nozzle throat
to the point of measurement. Baker's measurements (Ref. 77) have been reduced using
the present data reduction technique, and these results are presented in Fig. 32. Also
presented in Fig. 32 are measurements at Station -2.9 corresponding to the l6S data
already presented.

The skin-friction coefficients used by Pate and Schueler (Ref. 82) (they used Moo
= 3 data only) were those determined from Baker's ceiling (straight wall) measurements
using Cf = 28 /Qr. These results are about 25 percent larger than the Moo = 3 ceiling data
in Fig. 32 using the present data reduction technique. Also, there is considerably more
scatter than in the data of Fig. 32. Using Cf = 28/Qr, the ceiling data (Ref. 77)
produce larger Cf IS than the east-wall data. However, the east-wall data have larger skin
frictions than the ceiling data using the present technique as shown in Fig. 32. The skin
frictions used by Pate and Schueler were about 10 percent larger than the east wall results
in Fig. 32. The difference in Cf between ceiling and east wall data for the same Mach
number is attributed to the difference in upstream pressure gradients.

Skin-friction measurements (i.e. deduced from pitot pressure measurements using the
present data reduction technique) have also been made in the Acoustic Research Tunnel
(ART) and Tunnel l6T in PWT. These data, along with those from l6S, are presented
in Fig. 33 using the correlation technique of Winter and Gaudet (Ref. 12). These data
cover the Mach number range from 0.5 to 3.0. The east wall (Tunnel l6S) data at Station
5.4 are slightly high in Fe Cf and/or Fa Re8. This deviation is within the scatter of
the data used by Winter and Gaudet (Ref. 12), and the correlation is considered reasonable.
Skin frictions obtained by using Cf = 28/Qr would have larger values of Fe Cf than the
Tunnel l6S data in Fig. 33, and acceptable correlation would not be obtained.

In practice, skin frictions are frequently required for axial stations or flow conditions
where data are not available. To obtain Cf for different axial locations and flow conditions,
the following suggestions are given. A program is available to calculate Cf according to
the theory of White and Christoph (Ref. 83). It gives reasonable results (Fig. 32) and
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can be used to predict the trend and hence extrapolate or interpolate quite accurately.
The same can be said of the present finite-difference calculations, of which some
comparisons with data are given in Fig. 32. Sufficiently accurate interpolations or
extrapolations might be made using Cf proportional to some power of Reynolds number,

~ Moo station Source
0 1.6 -2.9 Experimental Floor Data
0 2.2 -2.9 Experimental Floor Data

As Indicated -2.9 Theoretical (Ref. 8'3)
As Indicated -2.9 Theoretical (Present Calculations)

<:> 2.0 5.4 Experimental Ceiling Data
• 2.0

j
Experimental East-Wall Data

D 2.5 Experi mental Ceili ng Data
• 2.5 Experi me ntal East-Wall Data

2.0 t:. 3.0 Experimental Ceiling Data... 3.0 Experi mental East-Wall Data
1.8

0
..s?

1,6 ~Mm=1.6
Cf x 10- -~..... ......~

1.4 ~Mm=2,2

1.2

1,0
105 106 107

Rem/ft

2.0

1.8

31. 6
cf x10-

1.4

1.2

1. 0
105

Curves throuqh the Data Below Were Faired Assuming
ct '" (Rem/ftl-l.17

Figure 32. Tunnel wall skin-friction coefficients
in Tunnel 168 for Moo Qf 1.6 to 3.0.

such as the faired curves in Fig. 32. Another possibility is to use the correlations of Winter
and Gaudet (Ref. 12). Besides Fe Cf versus FoReo, they also present Fe Cf versus
(Fo/Fe)Rex. These two plots provide a direct relation between Reo and Rex and hence
interpolations or extrapolations can be made graphically.
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~ Moo Tunnel Location
o 0. 5 ART Test Section, Floor Centerli ne
o 0.6 16T Sta -8, Floor Ce nterli ne
D 0. 7 16T Sta -8, 2 ft below East-Wall Centerline
V' 0. 8 16T Sta -8, Floor Centerline
o 0. 85 16T Sta -8, 2 ft below East-Wall Centerli ne
o 0. 9 16T Sta -8. 2 ft below East-Wall Centerli ne
v 1.6 16S Sta -2.9, Floor Centerline
o 2.0 16S Sta 5.4, Caili ng Centerli ne
t:. 2. 0 16S Sta 5.4, East-Wall Centerli ne
o 2.2 16S Sta-2.9, Floor Centerline
<> 2.5 16S Sta 5.4, Ceiling Centerline
o 2.5 16S Sta 5.4, East-Wall Centerli ne
o 3. 0 16S Sta 5.4, Ceili ng Ce nterli ne
~ 3.0 16S Sta 5.4. East-Wall Centerline

-- Correlation of Winter and Gaudet, Eq. (221 of Ref. 12

Figure 33. Correlation of tunnel wall skin-friction data from three tunnels in PWT.

6.3 BOUNDARY-LAYER PARAMETERS

The frequently used boundary-layer parameters of displacement thickness, 8*,

momentum thickness, e, and shape factor, H = 8* Ie, are presented in Fig. 34 for Tunnel
16T at Station -8. These data indicate, as did the velocity. data, that the floor boundary
layer is thinner than the east wall boundary layer. For example, the Moo = 0.6 and 0.8
floor data have a 8* of about 0.47 in. at Reoo/ft of approximately 4.5 x 106 , whereas
the Moo = 0.7 east wall data show 8* to be 0.57 in., or about 20 percent larger. Although
the calculated shape factors are in agreement with measured shape factors for both floor
and east wall data, only relatively good agreement with 8* and e is obtained with the
east wall data. Plausible explanations for the difference in floor and east wall boundary
layers have been given when the velocity distributions were considered.

Boundary-layer parameters in Tunnel 16S at Station -2.9 are considered in Fig. 35.
Good agreement between calculated and measured data is obtained. Results for one of
the low Reynolds number, Moo = 1.6 condition, are shown to be low as compared to
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the other data in Fig. 35. This anomaly was ·also discussed earlier when the velocity data
were considered. Repeat measurements of this flow condition provided results in better
agreement with the calculations and the other data as shown in Fig. 3S. Boundary-layer
parameters from the measurements of Baker can be found in Ref. 77. Boundary-layer
parameters for a wider range of Mach numbers have been measured and reported by
Maxwell and Hartley (Ref. 78).
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Figure 35. Boundary-layer parameters in Tunnel 16S for Station -2.9.

7.0 CONCLUSIONS AND COMMENTS

The numerical boundary-layer computations described in Section 2.0 have provided
a useful tool for estimates of boundary-layer problems associated with various research,
test, and test facility development projects conducted in PWT. Of primary importance
in this work was the assessment of the modeling for the Reynolds stress and the calculation
of the turbulent kinetic energy. Although the particular modeling of the Reynolds stress
used here has been used by previous investigators, the particular modeling of the turbulent
kinetic energy equation (on which the Reynolds stress depended) has not been used. The
approach followed permitted the use of the natural turbulent kinetic energy boundary
conditions and the computation of e throughout the boundary layer without having to
handle such regions as the laminar sublayer, buffer layer, logarithmic, and wake regions
separately.
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The analytical investigation of turbulence near a wall (Section 3.0) provides convenient
expressions of describing the flow in this region. 0 f interest is the fact that these results
were obtained without the use of mixing-length theory, in which the approach appears
to be unique. This was made possible by the form of the turbulent kinetic energy equation
developed in Section 2.0.

The analytical results obtained in Section 4.0, for temperature as a function of velocity
throughout the boundary layer, were shown to be improvements over previously used
results. The application of these results to the calculation of the quantity 2Ch/Cf, indicated
that 2Ch /Cf decreased for small decreasing values of hw /Ho '00' This prediction was
substantiated by comparisons with experimental data.

The analytical results of Sections 3.0 and 4.0 were used in Section 5.0 in a computer
program for the data reduction of pitot pressure measurements made in turbulent boundary
layers. In addition to Mach number, velocity, temperature, and various boundary-layer
parameters, skin friction is determined from the pitot pressure measurements. The
technique used to determine Cf has the important practical advantage of not requiring
measurements near the wall in the sub- or buffer layers and hence eases experimental
requirements.

The recent pitot pressure and total-temperature measurements made in Tunnel 16S
were in good agreement with the present theoretical results. However, this was not the
case with regard to the solid wall pitot pressure measurements made in Tunnel l6T. The
calculated boundary layer was consistently thicker than the measured boundary layer,
particularly the floor boundary layer. Potential flow solutions indicate, however, that the
flow near the tunnel wall experiences a pressure drop from the floor toward the sidewall,
and oil streak experiments conducted in the lower east quadrant for 60 ft upstream of
the test section at Moo = 0.7 indicated that a crossflow did occur from the floor toward
the east wall. The oil streak experiments further indicated that crossflow was induced
over the solid wall between some of the upstream holes in the transition section, which
extends 10ft upstream of the test section, thereby effecting the measured boundary layer.

The skin-friction coefficients obtained by using the present data reduction program
to reduce the measurements of Baker and Pate (Ref. 77) were not in agreement with
those obtained by Pate and Schueler (Ref. 82) and used to correlate the Tunnel l6S
boundary-layer transition data. However, preliminary results indicate that the effect of
using the present skin-friction coefficients in the correlation of Pate and Schueler (Ref.
82) is not necessarily to invalidate the correlation of the Tunnel l6S data as it is to
extend the correlation below the original lower Mach number bound of three to include

the remainder of the Tunnel 16S transition data (Ref. 77) (which include Mach numbers
dovin to two) not correlated by Pate and Schueler (Ref. 82).
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An effort was made to make the present computer results readily available for
engineering applications. The boundary-layer computer program given in Appendix A has
simple input, and unless desired, no dimensional variables or properties are input and no
units are involved. The pitot pressure data reduction computer program given in Appendix
B is essentially self-contained and has been used for online and offline data reduction.,
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APPENDIX A
BOUNDARY-LAYER COMPUTER CODE

Improvements to this code that have to do primarily with the region near the wall were
made subsequent to its submission for publication. These improvements hardly produce
discernible changes from the results given herein. The code used for the computations in this
report is listed here and the new version is available on request.
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A 13
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A 19

-.-... ~ -.- ~ -.A -39
A 40
It 41
A 27

A 20
A 21--

TO KILL SHOT IF PR08LEMS CLIKE MERGING) A 22
. . .~ . . __ A. 23

A 24
~ ~ ~ -'- ~_ 2S

MAIN
IMPLICIT REAL*SlA-HJLO-Zl ~~ ~ .. _. _
COMMON IGENI PEI.AMI.AME.OPOX,PREF(2).PRC2).PC2).OEN.AMU,XU.XD.XP. A

lXL..DX II XSJ.EP..tCSA1..f.A.ALP&, XR. REaRS, GAM, ZETA.tP@.o.llWI0.t.YSIART .t..U..S.U@..t-lO .A

c

C

2IMEN.IHEAT.Z.TO.INlG/I/N.NP1.NP2.NP3,NEO,NPH,KEX,KIN.KASE,KRAD/B/B A
3ETAIGAMA(2)IITAUIJIAUftAJliL)~JEi2).INOllZJ.tINDElZ)'V/UlZOO)lIflZ,Z _ A
400).Re200).RHoe200),OMe200).ve200)/C/SCC200).AUe200).BU(200),CUe20 A
50),AC2,200),BC2,200),ClZ,ZOO)/D/VRlZDO),URC2001,RRC20O),HRl200),XM A
6(200),PITOTe200).TEMPe200)/E/DSTARC300),XRSe300),RWRS(300),COSALe3 A

____JJHU ~ _ . ~.. A
l/F/ITURB,IPRINT,TURBIN,TURBFS,IOELV

COMMON ILl AKtALMG
CALLERRSETe207.256 ....1,l)
CALLERRSETCZ08,256,-1,1)
CALLERRSETe209.256,-1,1)
CALL.ERRSET l.251.t.2.S.fu "'l.lL~_ .._~ . ..__ ~__ ~ ~ ... ._~ .. .__
CALLERRSETe2~3,256,"'1,1)

CALLERRSETC261,256,-1.tl)
CONTINUE
AKlIIll.O.O
INTG=O
.cAlJ..~8E G1.N.~- _._...
AMI=O,O+O
A.MEIIIlO,D+O
DXIIIlXSTEP*VSTART
XDIIlI.XU+OX
GO TO 3
CAl L READY~.~ .__. __
THE FOLLOWING STATEMENT IS
OCCUR IN SUBROUTINE READY
IF eXD.GT,XL) GO TO 13

----1-._~ CONTINUE
DO 5 MlIIS1,NP3

___....If.1.UC NP 3 ... M) IU iMP_3 >-.L-T.....-KO.....L9.LJ9DIL."--'o.....).....G....a~T.JIojo'---""4 _

5 CONTINUE
__-'~_.__ L=NP3 ...M.---~._. .__~ . ~~_.~~ ~.~~---~

DELTAIIIlVCL)+eO,990.0-UCL)/ueNP3»*CVCL+1)-VeL»/C(UeL+l)-UCL»/UeNP
_____ *3))· d • ._.~~ ._. • ~_. ~

DSTAR(300)IIIlDELTA
___--4-I.IJIN+TG'lLIIIIILII.JN:l&-TuG:I..'l.L,ll~--__-------_-_--_-__---------JIA,---cZ;.u.6 __

XDIIIlXU+OX
------ -CALL- PaE--lXDaQ.P-Dll-- -- -

CALL ENlRN
----CAU.-P.RE (XU,OPOX) ~ .

CHOICE OF FORWARD STEP
ox.o,050 t O*PEI/IR(1)*A"I ...RINP3)*AME)

A 29
A 42
A 43
A 4 .. _

A 45
_ _ __-- _A. _ 46_

A 41
________J_U_

OXIIIlOABSCOX)
_.lFCDX.GT .XS1EP*V (NPJ» IUIIXSTE.P*VUtP31- -- . _

XDIIXU+DX
__ . ~ --IF- (KltSE.ECh2) GO TO 6

IF CKIN,EO,l) CALL MASS eXU,XO,AMI)
IF (I<EX.EQ.U CALL MASS _UU.t.XO.AME)
CALL WALL

~---6- ---CALL OU1P-UT
CALL PRE CXD,DPOX)

~-_CAL-L- CQf.ff.. -----.------------
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11
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SETTING UP VELOCITIES AT A FREE BOUNDARY A 49
MODIFIED FOllOWING STATEMENT FOR INTERNAL C_DR.E--_fJ...~ A.-50_
If (KEX.EQ.2) U(NP3)=OSQRT(2.D.0)*DSQRT(I.D+OQPPO**«GAM-l.0.0)/G~ A 51

"M) ) _ _ _ _

If (KIN.EQ~2) U(1)=DSQRTeU(I)*UC1)-2.0+0*CXO-XU)*OPOX/AHO(1') A 52
CALL SOLVE CAU,8U,CU,U,NP3) ___--L.__5.3 _
SETTING UP VELOCITIES AT A SYMMETRY LINE A 54
IF (KHhNE.3) GO TO 7 .A _..5s.
UCI) =U C2) _ A 56 '
If- (KRAD.EQ.D) U(1) =.150+0 .._UJZJ~~~3) A 57
If CKEX.EQ.3) U(NP3)=.75D+0*U(NP2)+.250+0*UeNP1) A 58
If- (NEQ.EQ.I) GO TO 14 A__.59 _
00 13 J=l,NPH A 60
00 8 I=2,NP2 A ..61__
AUCI)=ACJ,I) A 62
8U C1) =.B (JlIll__ - A 63
CUCI)=CCJ,I) A 64
00 9 IIIIlI,NP3 A 65
SCCI,=FCJ,I) A 66
CALL SOLVE CAU,8U,CU,SC,NP3)- A 6.I _
DO 10 I s l.NP3 A 68
f eJ, I' sse (l,__ _ A 69
If eKASE.EQ.2' GO TO 11 A 10
SETTING UP WALL VALUES Of F ----A~

If CKIN.EQ.l.ANO.INOleJ,.EQ.2' FeJ,1)IIIl(el.O+O+8ETA+GAMAeJ»*FeJ.2) A 12
1,,, Cl.O+O+8ETA-GAMA (J), *F hh3U *.50+_0/GMLUJJ_ A __ .1.3.__
Jf CKEX.EQ.1.ANO.INOEeJ).EQ.2J F(J,NP3)=«1.D+O+SETA+GAMAeJ»*'(J, A 14

_lNP2'-(l.O~_O.8ETA""GAMA.wu~~U)*.50.0/GAMACJ) A 75
SETTING UP SYMMETRY-lINE VALUES OF F A 16
IF eKIN.NE.3) GO TO -l2 _ • 77
fCJ.l'IIIl'CJ,2) A 18
If CKRAO.EQ.O' FeJ,1l~.7S0.0*FCJ,2't.z5D.O~fjh3L A 79

19 IF CKEX.EQ.3) FCJ,NP3)1IIl.7S0+0*FeJ,NP2)+.250+0*'(J,NP1) A 80
___ 13_ . CONT INU£. .._ A 81

14 XP=XU A 82
XUIIIlXO _ A 86
PEIIIIlPEI+DX*CR(1)*AMI-RCNP3'*AME' A 81
THE TERMINATION CONDITION A 88
If eXU.LT.XL) GO TO 2 A 89

________--li!R I NT IIIl I NT G-l
CALL READY

~---- CALl WAll _
CALl.. OUTPUT
_STOP
END
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aEGIN

-__LJ5._

C 37
C 38
C 39
C 40
C 41

C

C 2
A 4
C 4

C 5
C 6

C 7

C 9

C 11
C 12
C 13

C 14
C 20

C 18
C 19
C 21
C 22
C 23
C 24
C 25
.C 26
C 27

C 30

C 3~

C 42
C 43
C 44

- C 45
C 46
C 47
C 48

_________________ -C ~9

C SO
~_51--

----------------- --. -----------

SUBROUTINE BEGIN
IMPLICIT REAL~8(A-H,0·Z)

COMMON IGENI PEI,AMI,AME,DPDX,PREF(Z),PR(Z),PCZ),DEN,AMU,XU,XD,XP,
lXL,OX,XSTEP,CSALfA,ALPHA,XR,REOR~,GAM,ZETA,PPO,TWTO,YSTART.USUP.ID

2IMEN,IHEAT,Z,TO,INTG/I/N,NP1,NP2,_NP3,NEQ,NPH,KEX,KIN,KASE,KRAO/8/B
3ETA,GAMA(2),TAUI,TAUE,AJI(Z),AJECZ),INDICZ),INOE(Z)/VIU(200),f(2,2
400),RC200),RHO(ZOO),OM(200),Y(ZOO)
I/f/ITUR8,IPRINT,TURBIN,TUR8fS,IDELY

PROBLEM SPECifICATION
READ (5,28) KRAO. 10 I MEN, NEQ, KEX. KIN ,1HEAT III TURB._ID.E.1...Y ..URl.1tI.N _
~~AO (5,29) REORS,ZETA,PH(l),GAM,ALPHA,XR,XL,USUP,YSTART,TWTO,XSTE

1P,PR(2),TURBIN,TURBfS
IDIMEN=O fOR PLANAR fLOW AND IOIMEN-l fOR AXISYMMETRIC fLOW
INITIAL EDGE Of BOUNDARY LAYER IS YSTART
PREf (1) =PR C1)
PREf(Z)=PRCZ)
APPROXIMATE CALCULATION Of UEOGE fROM ONE DIMENSION fLOW RELATIONS
XU=O.O+O
CALL PRE (XU,OPDX)
UEDGE=DSQRTCZ.O+O~(l.O.O-PPO~·(CGAM~l.D+O)/GAM»)

KASE=2
If (KIN.EQ.l.0R.KEX.EQ.l) KASE-l
NPH-NEQ-l
NP1-N+l
NP2-IIH2
NP3I111N+3
INITIAL VELOCITY PROfILE
Y(1)IIIIO.OD+O
UCl)=O.OO+O
OELU-UEOGE/OfLOAT(NP2)
DO 1 I-2,NP3
UC!)-UCI-1)+OELU
Y(I)-YSTART~(U(I)/UEOGE)·~IOELY

CONTINUE
IFCITURB.EQ.l)GO TO 30
00 30 !1II2,NP3
ETAIIIY(I)/YSTART
U(I)-(2.D+O·ETA-ETA~ETA)~UEDGE

CONTINUE
CALCULATION Of SLIP VELOClJIES-_AND_DlSlANCES
8ETA-1.0+0
GO TO (2,3,4), KIN
U(2)-U(3)/C1.D.0.2.0·0~8ETA)

Y(Z)·Y(3)*BETA/CZ.O+O+8ETA)
GO TO 6
Ull-U (l ) ~U (u--
U13-U(1)~U(3)

U33-U(3)~UC3) .
SQIII84.0·0~Ull"'12.0.0·U13.9.0·0*U33

U(2)=(16.0+0*U11·4.0.0*U13.U3J)/(2.0.0~(U(1).U(3J!+DSQRT(SQ))

Y(2)-Y(3)*(U(2)+U(3)-Z,O+O*U(1»*.SO+0/(U(Z»+UC3)+UCl))
GO TO 6 _
If (KRAD,NE.O) GO TO 5
U(2)=(4.0+0*U(1)-U(3)/3.0+0
Y(2)=O.O+O
GO TO 6

C
C

C

C

C

1

2

3

30
C
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76

93
94
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63
64
65
66
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68
69
70
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52
53
54
55
56
57
58
59
60
61
6Z

c
c

c
c

C

C
C
C
C
C
C
C
C
C

15
16

13

9

c

S

10

5

6
I

U(2)=UC1) C
Y(2)=YC3)/3.0+0 C
60 TO C7,8,9), KEX C
UCNP2)-UCNP1'/C1.O+0+Z.0+O*BETA) C
YCNPZ)=YCNP3)-CYCNP3)-YCNP1»*BETA/C2.0+0+0ETA) C
60 TO 10 C
U11=UCNP1)*UCNP1) C
U13=UCNP1)*UCNP3) C
U33=UCNP3)*UCNP3) C
SQ=84.d)+O*U33"'12.0+0*U13+9.0+Q*Ull . ..._....__.__.... .... ... C
UCNP2)=CI6.0+0.U33-4.0+0*UI3+Ul1)/CZ.O+0*CUCNP1)+UCNP3»+DSQRTCSQ) C

.)
Y(NP2)=YCNP3)-CYCNPJ)-YCNP1»*CUCNPZ)+U(NP1)-2.0+0*UCNP3»*.5D+0/(

lUCNP2)+U(NP1)+UCNP3»
60 TO 10
lJ eNPZ) a= e4.0+0*U CHP3) -U CNPl) 13.D~.Q...._ '-'.-'-" .-..----- .- .._.--_.- .-_.
YCNP2)aYCNP3'
CONTINUE'
If CNEQ.EQ.l) 60 TO ZO
DO 19 J=leNPH
INITIAL PROFILES OF OTHER DEPENDENT VARIABLES
CONST=UEOGE*UlOGf*TUR81N
CONSFSaUE06E*UE06E*TURBFS
TE06E=I.0+0·U£06E**2/2.0+0
TAWTOBO.880+0*Cl.O+O-TE06E)+TEDGE
IFCIHEAT.EQ.O)TWTO-TAWTO
00 11 l-l,HP3
f TA.Y (1 , 1 YSTAR T _.. _ . . ._. _."
IFCJ.EQ.l)FCJ.I)=TWTO+CTAWTO-TWTO)*CUCI)/UEDGE)+Cl.D+O-TAWTO)*

I eUeI'/UE06E)**Z
IfCJ.EQ.Z.ANO.ETA.LT.O.030+0)fCJ,I)=CONST*DERFC7Z.JO+0*ETA)
IFCJ.EQ.Z.ANO.ETA.GE.O.OJO+O)FCJ,I).CONST*Cl.O+O+OCOS(3.141S9Z6~O.

10*ETA»/Z.0+0+CONSFS*CETA-0.030+0)
.__..--1.E..W.£.Q• .2..ANO.l....EQ.l ) F CJ , 1) II 0 .0+ 0-

11 CONTINUE .
t CALCULATION Of CORRESPONOING SLIP VALUES

GAMACJ)1III1.0+0
GO TO ·UZ.13, 14). KIN C 78

lZ FCJ,Z)IIIIFCJ,I)+CFeJ,3)-FCJ,I»*Cl.0+0+SETA-GAMACJ»/CI.D+O+SETA+GAM C 79
---~A-Wl.)" - -_... -----... -- .-.---.- - ..- ..--.-.----... --. -----..- "---' -.- - ..... -

GO TO IS C 80
GusCUCZ)+UC3)-8.0+0*UU»/C5.0+0*CU(Z'.U(3)!-.B.O+o.*UU» C 81
GfIlllCl.0+0-PREFeJ»/Cl.0+0+PREFCJ» C 82
GFIIIICG+GF.)/C1.0+0+G*GF). C 83
F(J,2).F(J,3)*GF+Cl.0+0-GF)*'CJ,1) C 84

--- -------'iCLI.Q...li ..---. -'-~5

14 FeJ,Z)=fCJ,I) C 86
If CKRAO.EQ.O) FCJ,Z)I!!!(~aD+Jl.~ftJIll)·f-lJ.3.).)J3.0+0 C 87
GO TO CI6,11,18), KEX C 88
F eJ,NP2.) IIf (J,NPJ) +CF (J,HPll'!'FhhNP3) ute 1.0-+O+BETA-GAMA C-J).-lJu~o. C 89

lBETA+GAMACJ» C 90
---------- GO -TO-..1-9..-- -. ,.'_._--. . .-.--__ . . ..__ --_. -_ .._._-_C . i.l..-

17 GBCUCNP2)+UCNP1)-S.0+0*UCNP3»/e5.0+0*CUCNPZ)+UCNP1»+8.0+0*UCNP3) C 9z
*)

GFaCl.O+O-PREFeJ»/(l.O+O+PREFCJ»
-GF~CG.Gf)/.Cl.D+O.G.GF)
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18
19
20

C

21
C

22
23
24
C

25

26

27

C
28.
29
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8EGIN

FeJ,NP2)=FeJ,NP1)*GF.Cl.D.0~GF)*FCJ.NP3) C 95
GO TO 19 C 96
FCJ,NP2)=C4,O+O*FeJ,NP3)-FCJ.NPl»/3,O+0 C 91
CONTINUE ----------------- .C----§l.8.
CONTINUE C 99
CALL OENSTY C 100
CALCULATION OF RADII C 101
CALL RAO eXU,R(1),CSALFA) C 102
IF CCSALFA.EQ.O.O+O.OR.KRAD.EQ.O) GO TO 22 C 103
DO 21 Ill!l2.NP3 C- ...l..O.4-
RCI)lI!IRC1)-YCl)*CSALFA C 105
CHANGE MADE IN STATEMEN·r NUMBER 28 FOR HHERl'LU.- Fl.OIrL- C 106
GO TO 24 C 101
DO 23 I=2,NP3 - C 108
RCI)=RC1) C 109
CON TI NUE -- ----_. ----------------------~U_O_-
CALCULATION OF OMEGA VALUES C III
OM e1) 1110.0+0 ------.--- C 112
OM(2)=0.D+0 C 113
DO 2S IIIIJ,NP2 C 11~

OMCI)lI!IOMCX-l) •• SO+O*CRHOeX)*Ue!)*RCI)+RHO(!-I).UC!-l).Rel-I».CYC! ellS
1) ... Y ( 1... 1) ) . _.__.-- ----C.--.l16.--.

PEI=OMCNP2) C 111
DO 26 IlI!I3,NPI - C 118
OMCI)=OMCI)/PEI C 119
OMCNP2).1.0+0---------_.-- C 120-
OMCNP3)1II1.0+0 C 121
IF (NEQ.EG.l) RETURN C 122
DO 27 JIII1,NPH C 123
IF (KEX.EG.U INDE (J);l:l ---C--l24--
IF eKH+4.EQ.U INOI (J)1II1 C 125
CONTINUE C 126
RETURN C 127

C 128
FORMATC8Il.2I3)
FORMAT (8EIO.0)
END
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OUTPUT

19

11J

J

.-.- -.----.-- . -..-..-.._ ...J 38 .
J 39

..._... ._... _._ ..._.__ .. ... J.. 10

1

.. l'

SUBROUTINE OUTPUT J 1
IMPLICIT REAL·SU ....H.O...Z), . .-.- -------.---.----------.-----.-. ----.--..----
COMMON IGENI PEI,AMI,AME,OPDX,PREF(2),PRC2),PC2),OEN,AMU,XU,XO,XP, J 2

. lXA-tDX., XSTEP,CSALF .l.•.ALPHA.JtJh.REORS. GAM, ZEtA~o, TWIo. YSTAtiL..U.SUP...uJL-~-. ~

2IMEN,IHEAT,Z.TO,INTG/V/U(200),F(2,200),RC200),RHOC200),OMC200),Y(2 J 4
300)/CJSCC200J IlAU(200) ,BUt2o.0)~U(2.QJU~.Aj2,200),8(2,200) ,CC',2001/D J !L .
4/YRC(00),URCZOO),RRC200),HRC200),XMC200),PITOTC200),TEMP(200)/E/OS J. 6
STAR C~OO) ,)}(RS C300) ,RWRS (300) ,COSAL. C3Q01;1IN,HpuHP.2.NP.3~.NEG..LNP.bKU- _.J. . - 1
6,KIN,KASE,KRAD/B/BETA,GAMA(2),TAUI,TAUE,AJXC2),AJEC2',INOI(2),INOE J 8

__.-1J.ZL_ ... _. ._. ....__ J Ii
l/F/ITURB,IPRINT,TUR8IN,TURBFS,IDELY
If CINTG.NE.ll GO 10 1 .
00 14 IIIII1,NP3
Vfl (U l1li 0 III 0 ..0------------.-.-- . -.----.-. '--'-'
ALIIIIALPHA.180.0+0/31111415926S0+0 J 11

_.---... --WJUU.!6, 7 t. tntU 1 )..llll!ld~P3}. ._-.. . . ..- ...-------.-------------.4-...12-
WRITEC6,6)KRAO,IOIMEN,NEQ,KEx.KIN.IHEAT,ITURB,IOElV,IPRINT,N
lRS (3aa) l1li O. D.O .. __ . ..__ ._._ _.__..__ _.. ----
CONTINUE J 14
IF (OFI..O'T UNTG... UJOFL.O'T UPRINT) IIINE.OFLOAT« UfjtG"'U./IP.RINT) lUlWUt...
OPOXGIIIIOPDX.GAM/(GAM-l.O+O) J 15
~f -.-(J(JUJ).EQ.jl).....DS-------...:;~~I.LJJU.-!lj!JU«HNP3).1t(HP') )
IF CKRAO.EQ.O) GO TO 2
OS .R (U -OSQAT UU 1) .*2-2.0,*,O.CSALF.* UUll.V (.Np:u-o.So+o.*cs .

lALFA*VCNP3)··2-PEl/CRHOCNP3)*UCNP3»»
If (CSALFA•.N£.thQOtO) os ... l!JOStAR ClNY1UJ-CSAU'A
CONTINUE J 21

___o......o_..3......lJ!:.hNP-3. .. . . . .} 23
TEMP(I)sFC!,I)-UC!) ••2/2.DtO . J 24

.----- J(M-t-l) .IIIIutllIDSQJU.( U1AM....1.0+.CH *'l'.EH2LU)' -----. --..-----.------.---~.4 -.25-..
XSQIIIIXMCI) ••2 J 26

--------!.f -(J(M.(l).LE.l.~-O-)--nlQl_U.)JIU...n~. CGAM"'1.0.0) *)(SQ/2.0~-(UJl~ ceiAMI .4.--21--.
·CGAM-l.OtO»

IF OUU U .u...1-M t O. GO TO :3 .• 28

PITOTCI)IIIICCGAM+l.O+O)*XSQ/2.0+0) •• CGAM/CGAM·l.0.0» J 29
. ~-ll0T CU--PIlO-ll,U-*C CBAM.l.D.O)'J('2..o...()!t~)(SQ·GAM.l-.D~J)-')'.uuHl..o.uu..4. 30-.
·CGAM-I.OtO» "

_.1---COHTINIIE' ._.__ .. __ .. u. •.. _ ...• - __ •• • ••_ •.••• ---.---.---- .•.• .4---.3.1.
SQ2-0SQRTC2.0+0) J 32

___~ 4 I-l.NP:3 .1 33
PITOTCI).PITOTC!'/PITOTCNP3) J 34
U~ C1) aU C!) IU CHP3). -- -- ------. --'--'--"--------'--------..- ....--.-4--36.--
RR C! ) IIIIF C2 9 I )
Hft CU.U (I> 15Q2
CONTINUE
THET'lIo~p.n
00 15 KLIIII3.N

1.5. ·-T.!'t£ 'l'AIfHEU ... «UHPU4P.:u..I..tf.MPUL.l·wau(J...)..~« 1-.J).+.-o.!-JJR.U(L).~---' -. . ---- --.-....-.- --..
1 TEMPCNP3)/TEMPCKL+l'.URCKL+1).Cl.O+O·UACKL+l»)/2.0+0*(YCKL,+l)·
ftv.(Kt.,)~. .. -.--- -. -. ..-.-.-- ..--.--------. - -----.------. _ _-.__. .. __ .

THETAIIIITHETA+TEMPCNP3'/TfMP(3)*URCJ).Cl.OtO-URC3»/2.0+O*YCJ)+
1 TEMP (HPJ) ITOtp (NP!. *Wi (NP1) *« I.D+O ...IIR (NPl»» 12.D+0. (Y (NPl) ..y (
*NPU)

.---.-...·-U-afAUII CHfUHnl-~~mtO.U!i!UU· ----
WRITE (6,8)

---..-WallE.!'@!2. INTG. XU, Z,REQRS,CUM,PfU..Uu.EyA,tuRBIN. T"RBES.
J 40
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J 44
J 45
J 46
J 41
J 48
J 49
~J. _ 50
J 51

.J 52
J 53
J 54
J 55

J 51
J 58

A EDC-TR-76-62

OUTPUT

1 USTAR(300),XL
WRITE C6.13) AJI(1).DS ,PEI,AME.OPDXG.DX,XRS(300),USUP,PPO,

1 CF.THETA
IliRITE C6,9)
DO 5 I B 1.NP3.2
wR I TE C6 .11> (Y (1) ,F C1 ,1) ,UR C1) • HR CI) ,R (1) • RHO CI) ,VR 'I) ,XM (l) ,TEMP

1 (1) .RR(1) .PITOTCI»
5 CUNTINUE

WRITE C6.l0) CYCNP3).FC1,NP3).URCNP3),HRCNP3),RCNP3).RHOCNP3).VRCN
IP3).XMCNP3).T~MP(NP3).RRCNP3).PITOTCNP3»

WRITE (6.9)
RE.TURN

C
6 fORMATCIIIIIIII.20X.'THE INPUT FLAGS ARE'.111,25X,'KRAD • '.11.

111.25X.'IOIMEN ~ ',Il,II,25X,'NEQ • ',Il,II.25X.'KEX • ',11.
211,25x,'KIN B ',Il,II,25X,'IHEAT B ',11,11.25X,'ITUR8 • '.11.
*11.25X.'IDELY • '.11.
311,25X.'IPRINT • '.I3.1125X.'N • '.13)

1 fORMATC24HITHE VALUES OF OMEGA ARE/(lPI0EI1.4»
8 FORMATCIHl,4X.'INTG'.9X,'XU'.11X,'Z',9x.'REOHS'.1x.'GAMMA'.8X.'PR'

1,9X,'ZETA'.8X,'TURBI'.1X.'TURBE'.6X.'DELTA'.9X,
1 'XL'I.6X. 'Q~'.9X•• OS
2TAR'.8X,'PEI'.9X.'AME'.8X.'DP/DX'.8X.'DX'.8X.' REX '.7X,'USUP',8X
3.'P/PO'.9X.'CF'.8X.'THETA'/)

9 FORMATC6X.'V'.9X.'H/HO',9X.'U/UE'.8X.'U/UM'.9X.'R'.lOX,'RHO'.lOX. J 62
l'YL '.9X,'M,.llx,'T'.10X,'E/HO'.7X.'PITOT'/)

10 FORMATC1P1IE12.5./) J 64
11 FORMATClPllE12.S) J 65
12 FORMATCI8.4X,lPIOE12.4) J 66
13 fORMATC IP11EI2.4.11)

END J 68-
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SOURCE

SUBROUTINE SOURCE CJ,I,CS,OS)
IMPLICIT REAL*aCA-H,O-Zr ------- ...--.. - -. - --- ...-.- .. --.. -----.----.-.
COMMON IGENI PEI,AMI,AME,OPOX,PREF(2),PRC2),PC2),DEN,AMU,XU,XO,XP, A 3

----"X\:90X,XSTEP,CSAlTA,ALPHA ,XR,REoRS,GAM,ZETA ,PPlT,-nrro, VSTARf ,USUP, 10 A It
2IMEN,IHEAT,Z,TO,INTG/I/N,NP1,NP2,NP3,NEQ,NPH,KEX,KIN,KASE;KRAO/B/8 A 5

--'~,GAMA,Zl9TAUl,fAUE,AJI(2),AJEC2),lNOI(2),1NOE(2)lvIUCzoo),F C2,2 A 6
400),RC200),RHOC200),OMC200),VC200)/C/SCC200),AUC200),BU(200),CU(20 A 7
50 f,'Al2, ZOO} ;, 8« 2 ,ClfOT9C"l2 , 200) I DlYffT20"-or,URT2110 r,"RR-rZOor9HRTZ~O) ,XM A 8
6(~OO),PITOTC200),TEMP«200)/E/OSTAR«300),XRS(300),RWRS(300),COSAL(3 A 9--·--7-crO) --- -. -.------.------ ---.- - -._--._-_.--... - A 10

IF CJ.GT.l) GO TO 1

..- .._----_._-----------

3

CSBSCC!)6CUCI+l)6UC!+1)-UC!)6U(1»ICoMCX+!)-oMCI»
CSBCS-SCCl-1)~CUCI)~UCI)-UCI·1)*UCI·1»/(OMCI)·OMCI·1))
CSIIIII« 1.D.0.. l.O+O/~AEF eJlT"·CSrfOMTr.lT,;'Op.ffr";l»· .. ----...- .. .......:....---
05=0.0+0

'-RETURN
1 CONTINUE------:rnr.\rr;3n;o-rn---r

REXIIIIIOSQRTCPPO~*C(l.O+O..GAM)/GAM)-l.O+O)~PPO**«CGAM.l.0+0)/(2.0+0*G
·-'AM).. ZETAct (GAM"'1 .OilD7GAM'-------· --.--~...---- ..

REX=REORS*XO*REX
.- XR S ( 300) BREX--- --.------.--------.----.--.-

CON=3.100+0-1.820-09*REX
IF CCoN~~.'O+o)CoNIIIII2.1D+O

- CONTINUE
--- ~OEL TA=OSTAR (300) ... ----- -----------..~

ETA=VC!)/OELTA--. ---Xf' lEl"A-;-L. e: ~ 0.-2'0. () rYL. GVTlT-------._.. - --_...... -..... _...-._-.__.
IfCETA,GT,O,20.0,ANO.ETA.LE.0,4o+0)VLIIIIIVCI)/2.0+0+0,lO.O-oELTA

---~I~F~C~E~TA.~~u+o;AND,ETA.LE,O.50+0)vL=O.JO+O*YCX).O,ls0+o*OELTA
IfCETA.GT.O.50+0.ANo.ETA.LE.O.6o+0)VLIIIII-O,10+0*VCI).O,380+0-0ELTA
IF CETA .GT. 0.60+0 .AN()~ETA·,LE'-O~1o.(ny[8-";o .20.0*'1' (1r.-o '-44D+O*O'E~L'::"T=-Ao-----
IfCETA.GT.O,10+0,ANO.ETA,LE.0.80.0)VLIIIII-O.40+0*vCl)+O.58o+0*oELTA

-- IF cETA.aT. 0~8o'-(jT,(IBT..;Yrr).r;-424D.O*O£L fA r 12';40-'-0'-'
YRCI)IIIIIVL
IF CI,EQ.l.oR~I,EQ.NPJ) CS=O.O.O
If CI.EQ.l.OR.I.EQ.NP3) GO TO 2
CALL VEFF(r,l.r'£~Uf---·-- .. - ...
CS= (UCl.l)-UCl-l»/COMCI.l)·OM(l-l»~RCI)/PEI
CSIIIIICS~O.320.0*RHO(I)*F(2,I) ~

C5=CS-EMU*FC2,1)/CRHOCI)*UCI)*VL*VL)*CON
CONTINUE
~EEIIIII.320+0*PEI/CUCI)*R(1)~CCUCI.1)-UCI-1»/(OM(I+1)-OM(1-1»»

._-. ---fEE-=EE-£*tON*Ff2-;rTT( VL *VL-j-RHOl1T*uTfff-- ..----._-".--..
OS-CS/FC2.!)-EEE

-RETURN
END
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REAOY

SUBROUTINE REAOY E 1
IMPLICIT REAL*8 CA-H,O-Z) _
COMMON IGENI PEI,A~l,AME,OPOX,PREFCZ),PRCZ),PCZ),DEN,AMU,XU,XO,XP, E 2
lXL.OX,XSTEP,CSALfA,ALPHA,XR,REORS,GAM,ZETA,PPO,IWTO.YSTAR~SUP~ ~ __ 4--
ZIMEN,IHEAT.Z,TO,INTG/V/UCZOO),FCZ,ZOO),RCZOO),RHOClOO),OMC200),YCZ E 4
300) II/N.NP1,NPZ,NP3.NEQ,NPH,KEX,KIN,KASE,KRAO/B/BEtA.lGAMAJ....2.1,IAUl.l-. _L 5_
4TAUE,AJICZ),AJECZ),INOICZ),INDECZ) E 6

CALL OENSTY __E !-_
CALL RAO CXU,R(1),CSALFA) E 8

_-,-__. Y NEAR THE 1 BOUNDAR.'{ _. ._ E CL-
GO TO (1,Z,3), KIN E 10

1 YCZ)-Cl.O+O.BETA)*OMC3)*4.0+0/lC3.D+O*RHOC2)tRHOC3»*CU(2)+UC3)J) E 11
GO TO 4 E 12

l YCZ)-12.0+0*OMC3)/CCJ.O+O*RHOCZ)+RHOCJ»*CUl2)~C3).4.0+0*U(1)) E 13
GO TO 4 E 14

_...:L .YW 111,..50 +j)*OML.llL1RHQill~Ull)1_ ___.E _~_ .
4 Y(3)-YCZ)+.l50+0*OMC3)*Cl.D+O/CRHOCJ)*UC3»+Z.O+O/CRHOCJ)*UCJ)+RHO E 16

1el)*Ue2») E 17
C Y 'S FOR INTERMEDIATE GRIO POINTS E 18

00 5 1-4,NPI E 19
5 YCI)-YCI-l)+.5D+O*COMCI)-OMCI-l»*Cl.O+O/CRHOCI)*UCI»+l.O.O/CRHOC E 20

1-1~-l-) *U!l-l) )------- ------------------ -- ------ -----.- .- -----.-E.- 2.1.
C Y NEAR THE E BOUNOARY ~ 22

YCNP2)-YCNP1)+.25DtO*COMCNP2)-OMCNP1»*el.O+0/eRHOeNP1)*UeNP1»+2,. E 23
ID+0/CRHOCNP1)*UCNPl)+RHOCNP2)*UCNPZ») E Z4

GO TO C6,7,8), KEX E 25
6 YCNP3)-YCNP2)+Cl.O.0+SETA)*COMCNPZ).OMCNP1»*4.0+0/CCRHOCNP1)+J.0. E Z6

---~l-O-*RHO tHPZ-UJt~-l) tlJ-UlP2.).ll--- --_ - -- .__E-_ 2.1 -
GO TO 9 E 28

7 YCNP3).YCNP2)t12.D+0*COMCNP2)-OMeNP1»/e(RHOCNPl)+.J.O+0*RHOCNP2»* E 29
lCUCNP2).UCNP1)+4.0+0*UCNP3») E 30

GO TO 9 E 31
8 YCNP3)-YCNPZ)+.50+0*COMCNP2)-OMCNP1»/CRHOCNP3)*UCNP3» E 3Z

---9-----1£-!.C.S.AL£A.EQ....o....o+.o...oa.KRAQ..EQ.. O) GO_ TO 11 --_.__L-3.3_
C XXX IS USEO TO KI~L SHOT IF NECESSARY E 34

DO 10 ,I~2,NPJ . E 35
XXX-RCl)*RCl)·2.D+O*YC!)*PEI*CSALfA E J6
IF CXXX.LT.O.OO+O) XO~2.D.0*XL £ 37
IF CXXX.~T.O.OO+O) GO TO 14 E 38

10 YU) ·2.0+0*V U) *PEII Uie 1) tOSQQT eft (1) .*'H U -2.0~ (I) 'PE I *CSALFA) ) E 39...--
C CHANGEO SIGN OF Z IN THE DENOMINATOR OF ABOVE FOR INTERNAL FLOW E 40

- GO TO 13 --_-.:._- -- -- ---------------------- L 41
11 00 12 1-2.NPJ E 42
12 YU) IIIPEl*V (1) IR (l ~ -- --- ._--.- -- -.--------- . -- E 63
lJ Y(2)-2.0+0*YC2)-YC3) E 44

YC NP2)-2.0tO*YC NP2)·V(NP1) E 4S_
C CA~CULATION OF RADII E 46

00 14 h I Z,NP3 __._ _ __ _.-__. . .E 41
IF CKRAO.EG.O) R(I)IIIRCl) E 48
IF CKRAD.NE.O) R(I)qRU)-YCU*CSAVA-- E 49

C CHANGEO SIGN IN EXPRESSION ABOVE FOR INTERNAL F~OW E SO
~--- COH.UNUL ._ .. _-_.. __ -. _ -. [ .5.1

IF CRCNP3).LE.O.OOtO) XO-2.0tO*XL E 52
IF CYCNP3) ..LT.-O.. OOtO) XO-2.. 0+0*XL. _ E 53
RETURN E 54

_END E 55-
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VEFF

SUBROUTINE VEF' CI,IPl,EMU) P
IMP~ICIT REA~*8CA-H.O-l)

COM~ON IGENI PEl,AMI,AME,OPOX,PREFC!),PRC2),PC!),OEN,AMU,XU,XO,XP, P 2
lX~,OX,XSTEP,CSAlfA,ALPHA,XR .. REORS.GA~hZErA.d~.PlhJ.kLlo....YSURJ...u..suP.uJl __ A _ 4....
ZlMEN,IHEAT,l,TO,lNTG/V/UCZOO),FCZ,ZOO),RC200),RHOCZOO),OMCZOO),VCZ P 4
JOO)/I/N,NP1,NPZ,NP3,NEQtNPH,KEX,KIN,KASE,KRAO P S
T-'Cl,I)-UC1)**ZIZ.0+0 P ,
TT-F(I,IP1)-UCIP1)**ZIZ.O+O P 1
T-CT+TT)/2.0+0 P 8
EMU-T**ZETA/ CREORS/OSGRT (2..D+Q11._. . P ~
IF CI,EQ.l.OR.I.EQ.NPJ) RETURN
EE-O.30+0*RHOC!)*FCZ.!)*PEI
lE-EE/CRHOC!)*UCI)*RCl)*CuCl+l)-UCI-l»/COMCI+I)-OMCI-1»)
EMU-EMU+EE -- ... __ ... ......
RETURN P 10
END P u-·-

VISCO

.-

Q 2
A.._.4_ ..

Q 4
Q _5
Q 6
Q .1.

fUNCTION VISCO (I)
IMP~IClr REAL*s U-H.O...~__
COMMON IGENI PEI.AMI,AME,OPOX,PREFCZ),PRCZ),PCZ),OEN,AMU,XU,XO,XP,
lXL@DX.XSTEP~CSALFA,ALPHA.XR~REORSJGAMIZETALPPO.TWTO.YSTART,USUP,IO
2IMEN,IMEAT,l,TO,INTG/V/UCZOO),FCZ,ZOO),RCZOO),AMOCZOO),OMCZOO),VCZ
300) II/N,NP1,NP2IINp3IINEGhNPH,IKEX ,KINtKASE.tKRAD _
1-'(I.I)-U(I)**ZIZ.0+0
VI SCOllllI~~.zE,[ALlREORS/DSQRT-lZ~ . , .. _._._ _ _. __
If (I.EQ,l.OR,I,EQ,NP3) RETURN
EElIIIQ.3D+O*RHOCI)*FC2,!)epfI

Q 1

EElIIIEE/CRMOCI)*UCI)eRC!)-1UCI+1)-UCI-1»/COMC!+1)-OMC!-l»J
vlsco-yISCO+EE
RETURN .
END

FBC

H 1

H 2
A ..

J 4

H S
H 6
H 1
H "H 9
H to
H 11

H 12
H J3-

SUBROUTINE FBC CX,J.INO.AJFS)
1Mr,)~1CIT RfAL~BJA·tho. ....2J~ _
COMMON IGEN/ PEI,AMI,AME,DPDX,PREF(2),PRCZ),PCZ),DEN,AMU,XU,XO.XP,

. __ 1.JU.. .1 DLJlSIEP-,-CSALF' II AlPl1A.J.XR!Il REORS. GAM. ZE IA. ppO, TIIlTO. yST ART. USUp. 10
2IMEN,IHEAT,l,TO,lNTG/V/U(200),FC2,ZOO),RC200),RHOC200),OMCZOO),VC2
300)_
T~ IS PRESCRIBEO IF IHEAT lIII 1 -- QOOT IS PRESCRIBED IF NOT 1
IND-). _
AJfSlIIlTWTO
IF CIHEAT.EQ@) GO TO

C

INDlIIIZ
.AJf~O.OjHjL _
CONTINUE
If .t~OJ.LJlE1URt!i . _
U-lDlIIIl

-- -----..AJf~f_lJ .....l.l_-_
RETURN

._ ENJl
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SUBROUTINE COEFF 0
lMPLlCl T- REAL.!tt'-....M~L -- __ - ---- ----- --
COMMON IGENI PEI,AMI,AME,OPOX,PREF(2),PRC2),PC2),OEN,AMU,XU,XO,XP, 0 2

__.ll1...-LOLASJEP",C:SAlfA.AlPHAll XRtREORS,GUhZETA,PPO"TWTO,YSTAlU ,USUp.IO .A..._~ _
2IMEN,IHEAT,Z,TO,INTG/I/N,NP!,NP2,NP3,NEQ,NPH,KEX,KIN,KASE,KRAO/B/B 0 4
JEI-'-tGAMA1.2._t.TAUl..t-lAUE. AJI «2) • AJE« 2) • INOI (2) ,INOE« 2) /\I/U (200) • F (2.2 0 _~_

4(0),RC200),RHOC200),OMC200),YC200)/C/SCC200),AUC200),8U(200),CU(20 0 6
5.0) .-'.JZ,2(0) .rHZ.ZQO).C C2,.2.001____ -=- ---ll 1_

COMMON ILl AK,ALMG 0 8
,'--__.....DUhl.cM.EI..1NS.....lIlUOaNlI.-.3oIGUhl....A(..IIi..2.Y..o.ILOL;)'IL.....JiGu;2"-,(..JIii2..w.0.Y..OLJLt-lGo!.II3iLl(u;2...J.10..w.0.L.J..lILt-lOIL...l.A(2...........2...J.10!..U0.L.J ..lIL.~SOLl6-«u2;..JooUlOLLJ...lL'--iilLS2~( 2Ia,JOu,OuJ...JI'---"l.S---JD!IL..----::a9L-.

I 13(200) 0 10
~_.c.. CALCULAllDfIt_ Of_ SMALL .L!.S- O-----ll-_
! DO 1 IIIl2,NPl 0 12
t. _. u___ RA-.SQ_+.!lejRl1tll.t1U..1l.-L-- 0 13

RH-,50+0.CRHOCI+1)+RHOCI» 0 14
t--- uMIIIl .. 5ato.(lJ(l t ll+U(J)) 0 15
I CALL VEFF CI,I+1,EMU) 0 16
J------ SC(UJ'RMll*JiIoL~UM.EMU/(PEI*PEI) 0 ..J..I...-
: C THE CONVECTION TERM 0 1B

SA!I!'IU U ~.MlnEL---- --__ -.n..-19--
SBIIIlCRCNP3)*AME-RC1)*AM1)/PEI 0 20
Dx_xa.xu 0 21
DO 4 I-J,NPl 0 22
OMDIIIlOM.tl-+U!IIDMll'il!ll_____ 0 23
P2111l.250+0/0X D 24
P3.PZ/Wtil _ __ .. _ D 25
PlIlllCOMCI+l).OMCI»*P3 0 ~6

______23I11l(OMCI).OM«I-IJJ*P3 0 21
P2.3.0+0*P2 ·0 2B

.------C1IlSAJO!tD- _. 0 29
R2.-SS*.2S0tO 0 30

--.R3-IlllUJOOl... - 0 31
Rl.-COMCI+l)+3.0+0*OMCl»*R3 0 ~i2
R3-e ON (J-!)t3.0tO*OM(!)'*8J D 33
G1CJ).Pl+QtRl . 0 34

_- 62 CI ».'2t82 0 35
G3C!).P3.QtR3 0 36
CUCI» ••PI*UCltl»-PZ*UC!'.'3*U(!-1. 0 37
THE DIFFUSION T~RM D 38
AU C1» .2.0 t O/ OMO D 39
8UCI).SCCI-1)*'UCI)/COMCI.-OMCI-i» D 40

_. -------AU..U) -st u» 4UII C1)' COM U +1» "'OM CI) » 0 41
IF CNEQ~EQ.l» GO TO 3 0 42

___-'_ -----11.(L2 ·'-I,N,H D 43
CCJ,I) ....Pl*FCJ,X t l)-P2-FCJ.I)-P3*FCJ.I-l) 0 44
CAl L SOURCE c.1p J .C5 .. D ':Ip U » D 45
CCJ.l)IIl·CCJ,I)+CS·FCJtI)-OCJ~l) D 46

______ A(J, 1••"U (I) IPREf CJ. 0 47
8CJ,!)III!SUCI)/PREFCJ) 0 48

~ u CONT 1fIIUE: . 0 U-_
C SOURCE: TERM FOR VELOCITY EQUATION 0 50
3 SleJa-OPol*oj D 51

S2C!).P2-S1CI)/CRHOCI).UCI» 0 52
__u uUU1JIP~l (I a, (RHO U-1)-" n .... 1) a D 53

SlCI).Pl.S1CI)/CRHOCI+1)-UCltl» 0 S4
____ . C1.u~CU« u -2.0tO* (SI «I) .52 U» .53 U» 0 55_
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I

-------------- --- -----------------
Sl(!)-Sl(I)/U(!+l) 0 56
S2C!).S2C!)/UlI) 0 51
S3CI)-S3(I)/U(1~1) 0 58

4 __ CON..I..lN.UE.. __ __ _ 0 !Ii9
C COEFFICIENTS IN THE fINAL FORM 0 60

DO 5 I-J.NPl 0 61
RL, Bl.O+O/CG2(I)+AUCI)+BU(I)-S2CI» 0 62
AU (1) lIJ (AU (1) +S1 (1) .G..! (1.1J~.RL D 63
BU(I)-CBU(I)+S3Cl) G3(I»~Rl D 64

_..5. ____..cUJ.li_II!l_C1HIJ_~ D 65
IF CNEG,EG.l' GO TO 7 0 66
00 6 J-l .. NPH nu___ D 67
00 6 I-3,NPl D 68
RLB1.0+O/( 6.2.( U+A1..JJl.l~JUJ-.-ll~-DI.L-\.J( J!oLC.......lu )L...)L- ---600L-JIlI6..:l1.9_
A(J,I)B(ACJ,l)·Gl(I»~RL 0 70

___nJHJ.lJ_~.J8 (JeI) ...GJ II) ) ~Rl n 71
6 C(J,I)-C(J,I)~RL D 72
7 CALL. s.L.IP D 73

RETURN D 14
END 0 15...

OENSTY

SUBROUTINE DENSTY F
IMPLICIT REAL.~8(A"'H,O·Z) _ _ _
COMMON IGENI PEI,AMI,AME,OPOX,PREf(2),PR(2),P(2),OEN,AMU,XU,XD,XP, F 2

lXL ,OX,XSTfP,CSALfA.IIALPHA.II2(R,REOBS.J.fiAM..Uf.IA.PPO. Twro.YSTART .USUp.IO A It
2IMEN,IHEAT,Z,TO,INTG/V/U(200),F(2,200),RC200),RHOC200),OM(200),V(2 F 4
300) II/N, NP 1', NP 2, NP 3, NEQ, NPH, KEX, t< I NII I<ASE 9 KB.AJl. - . f ....3......
TNP3.F(1,NP3)"'U(NP3)*~2/2.D.0 F 6
RHONP3-TNP3~~(l,O+O/(GAM-l.D.O» F 7.
00 1 I B 1, NP 3 F 8
T·F(1,1)"'U(1)*~2/2.D+O F 9
RHO(I).RHONP3~TNP3/T F 10
RE. TURN f"._ 11
END F 12-
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ENTRN

2IMEN,IHEAT,Z;TO,INTG/V/U(200),FC2,200),RC200),RHOC200),OMC200),VC2
_____~DO)/I/N,NP1,NP2,NP3,NEQ,NPH,KEX,gIN,KASE,KRAD

SUBROUTINE ENTRN
_____ UtPJ..IULRE.~A__L*_"__'8""_'U(A"'_...__'_H_Y,......OL-...-"'Zo-L)------------ _

COMMON 16ENI PEI,AMI,AME,DPOX,PREF(2),PRC2),PC2),DEN,AMU,XU,XD,XP,
lXL,OX,XSTEP,CSALEA,ALPHA,XR,REQRS.GAM,ZETA.PPO'TwTO,VSIART,uSllp.Xp

1
__2-_

3
C

5

C

GO TO C2,3.6), KEX
RETURN
CONTINUE
THE FOLLOWING AME IS FOR LAMINAR FLOW
IF (XNTa.NE,i) GO TO S 
DO 4 IlIIl,NP3
IF COM(1) ,6T.0.90+0) N91111
IF (OM«I)..GI .. 0.90+0) IIIINPJ
CO.NT INUE
DQMIIIOM(Ng)-OMCNg ... l)
DOM9 111 0MCN9)-O,90+0
CONTINUE
U9I11UCN9)-DOM9/DOM*CUCN9)-UCN9-1»
TERMS III OJ CNi) ...U«Ni--l ) ) IPOM
R9I11RCN9) ...DOM9/DOM*CRCN9) ...RCN9"'1»
RHogIIIRHQ«N9)-OOM9/00M*i RHOCNgl ... RHOCN9.!1)
YIS9 I11 YISCOCN9)-OOM9/DOM*CYISCOCN9)-YISCOCN9-1»
CUIIPIIIR(N9)*R(N9)*RHOCN91*UCN9)*VISCOCN9)
CUUPIIICUUP+R9*R9*RH09*U9*YIS9
CliIlPIICUUP/C2. 0 60*PEIl
CUUMIIIRCN9-1)*RCN9-1)*RHOCN9"'!)*UCN9-1)*YISCOCN9-1)
CIJ!IMlIIICUWURg*FJCit*RH09*U9*" T59
CUUMlIIICUUM/CZ,O+O*PEI)
GS!ll1l2.0+0*CIIIIPI COQM*PONg)
6682.0+0*CUUM/COOM*CO.90+0 ...0MCN9"'1»)
rEpMApGS* (U (N9) ",U9) ...66* Wg-II (Ng ... !) )
TERMAIITERMA/TERMB
lICjHdGlIIIlISlIP*PSQRT C2·0+0 J*PSQRI ( 1 .0+OftPpo*,( (luM-I·OtO) IGut) )
USUP IS REAO-IN IN BEGIN IT SUPPRESSES THE B.L.
TE9MClII! WgIlU G... 1I9) 10)(*OPO)(1 (910409*"9)
TERMCIIITERMC*PEI/TERMB
AME!IIITERMA-TERMC
AMEIlAME-0.1O·OfR(1)*AMI
A"E-AM£/CO,9D*0'ACN'3»
RETURN
""E·O,O*O
RETURN
END
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MASS

1
------------ ------- -_._-- ..

C

SUBROUTINE MASS (XU,XD,AM)
IMPLICIT REAL*S(A-H,O-Z)
APPLICABLE TO AN IMPERMEA8LE-WALL SITUATION I 2
AMaO.D+O __ -- . --40'_--....;;1.3_

RETURN . I 4
END I 5 ... __

PRE

FORMAT (13)
FORMAT(2E12,O)
FORMAT(lHl,I,8X,tX'lI.12X,'P/PO',/J
FORMATCIP2E14,5,16)
END

C
J
itt.
5
6

SUBROUTINE PRE (X,DPOXX) I'( 1
IMPLICIT REAL*'HA-H,O-Z) __ _ . ... . ._
COMMON IGENI PEI,AMI,AME,OPDX,PREF(Z),PR(Z),P(Z),DEN,AMU,XU,XD,XP, I'( 2

__1.1U...1I.0XtJtS..1EP,CSALfAtAlPHA.llBtB.f:ORS,GAM, ZETA.ppO, TWTQ.YSTlAT .USUp.IQ A 4
ZIMEN. ,l,TO.INTG/V/U(ZOO),F(Z,ZOO),R(ZOO),RHO(ZOO),OM(ZOO),y(2 K 4
3(0) II/NtNP1,NP2,NP3.NfJhNPH,KEX,KIN.JKASE,KRAO.- -.JL__. _5.:.-

DIMENSION XX(300), POP(300) 'I'( 6
IF (INTGltNE.O) GO TO 1 __ --- ._. tL __ '1--
READ (5,3) LMAX K 8

. READ CS,4LnOUll.POP1J..liJ..!I=.lIl.U4ll.L__ ._ I( 9
WRITE (6,5) K . 10
WRITE Uu6) OOUl) ,POPCl) ,L,lal,lMAXJ -- ------.-- .---- ----.lL--11.--
CONTINUE K 12
La!_.________ 1(--13---

2 CONT INUE I'( 14
-.--.-L~.L.• 1-- ._. K .--l.S-

IF (XX(L)IIL.T.X) GO TO 2 K 16
DPDX- (POP eL) "'POP (L... 1» I (XX (L) ·XX (l"'U) __ . -_ _ . . ....K __11_
PPOaPOPCL-l)+OPOX*(X-XXeL-l» K· 18
DPDXXaDPOX K 19
DPDXX-OPOX*(GAM-l,O.O)/GAM K 20

_____ . .Rf.lURN. ,_... .___________ K 21
K 22

.. 1<. __ 23
I'( 24

. JC 2!L_
K 26
K 27-
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RAD

32
33
34
35-

L

L
L
L
L

L 2
A.__o\_

L 4
L 5
L 6
L .,
L 8

____________L__ il_
L 10
L 11
L 12
L 13
L 14

_--L_-..l.S.....
L 16
L 11
L 18
L 19
L 20

-__L_--ll-
L 22
L 23
L 24
L 25
L 26

.. L 2.1
L 28
L 29
L 30
L 31

SUBROUTINE RAD (X,Rl,CALPHA)
IMPLICIT REAL~8(A-H,O-Z)

COMMON IGENI PEI,AMI,AME,OPDX,PREF(2),PR(2),P(2),OEN,AMU,XU,XD,XP,
1XI.., DX, XS TEP, CSALF A, ALPHA, XR ,REORS, GAM, ZEIAtP.POtJWYQ-LYSIABJ-,USUP, li)
2IMEN,IHEAT,Z,TO.INTG/V/U(200),F(2,200),R(200),RHO(200),OMC200),V(2
300)/I/N,NP1,NP2,NP3,NEQ,NPH,KEX,KIN,KASE,KRAO

APPLICABLE TO NOZZLES WITH CONSTANT LONGITUDINAL RADIUS OF
CURVATURE Of TH~ CONVERGING SECTION~ CONSTANT WALL HALf ANGLE Of
DIVERGING SECTION-AND WALL SLOPES MATCHED DOWNSTREAM Of THE THROAT
If (INTG.NE.O) GO TO 1
PI2 E 3.141592b50+0/2.0+0
ALPHA=ALPHA~PI2/90.0+0

COSALf-DCOS(ALPHA)
SINALf-DSIN(ALPHA)
ZWIG=XR~(l.D+O+SINALf)

XWIG·XR~(PI2+ALPHA)

RWIG=1.D+0+XR~(1.D+O-COSALf)

CONTINUE
If (X.GE.XWIG) GO TO 2
R(1)-1.0·0+XR~(1.0·0-0SINCX/XR»

CSALfA=DSINCX/XR)
CALPHA=CSALfA
R1 =R (1)
ZZ=XR~(1.0.0-0COS(X/XR»

GO TO 3
CONTINUE
R(I)-(X·XWIG)~SINALf.RWIG

CSALfAzCOSALf
CALPHA=CSALfA
Rl=R(l)
Zl-(X-XWIG)~CSALfA.ZWIG

CONTINUE
If(IDIMEN.EG.O)Rl=l.D+O
ZZ=ZZ .. XR
lzZl
Rt:.TURN
END

3

2

C
C
C
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SLIP

M

2

9
C

C
5
6

8

_. ~

SUBROUTINE SLIP
_U4PLICIT REAL*8 (A-H,O-Z). __ .

COMMON IGENI PEI,AMI,AME,DPOX,PREf(2),PR(Z),P(Z),OEN,AMU,XU,XO,XP. M Z
___ 11(1,.. LOX .XSTEP, CSALf A, ALPHA, XR, REORS, GAMJZETA,PPO, TWIO-J-.'!ST ART •.USUP ,10 A 4

2IMEN,IHEAT.Z,TO,INTG/I/N,NP1,NPZ,NP3,NEQ,NPH,KEX,KIN,KASE,KRAO/V/U M 4
3l,00} ,f(2,200) ,R(ZOO) ,RHO(200) ,OMlZOQ} ,Yt20JllLBLB.E.Y.AtGAMA12L,TAUIJ_ t·t 5
4TAUE,AJI(2),AJE(2),INOI(Z),INOE(2) M 6

COMMON ILl AK,ALMG/C/SC (ZOO) ,AU (ZOOlIlBU (2.00) ,CU1i!OOlJAi2.'ZOO) ,8 (Z, M 7
1200),C(2,ZOO) . M 8

---"C~_....su.P _COEfflClENTS N£AR~J.iE.~ BOUNDARY fOR VELOCITY EQUATION ... -M__ .2_
CU(Z)zO.O+O 'M 10
CU (NP2) =0 III D+ 0 _. . . ._ .. 1'1 11.
GO TO (1,Z,3), KIN M 12
BU(2)=O.0.O ._._. .____________ __ M 13
AU(2)zl.O+O/(I.0+0+Z.D+0*SETA) M 14

.. G0105-____ _ _. ._. .__..M...15.
SQz84.0+0*U(I)*U(I)-12.0+0*U(1)*U(3)+9.0+0*U(3)*U(3) M 16
BU (2) =8.0.0* (2.0. O*U (1) +U (3) ) I t2.. 0.+0*.ll.Ul~.LD.~.Q.4t.u t3.l~QSQRI t5Q1L- M 17
AU(Z)=1.0+0 ...BU(Z) M 18
GO 10 5 ._ ... _. ...__ .___ -. M 19

3 BU(2)=O.0+O M 20
._. . __ CAlL YEFf t2.3.~EMU) - ... - ... .....M._._.2.l.._.

AKl=I.0+0/0X-OPOX/(RHO(I)*U(I)*U(1» M Z2
AK2=-U(l)*AK1+OPOX/(RH0(1)*U(l» .--_ .. . __. --' M' 23.
AJzRHO(1)*U(l)*.Z5D+0*1Y(Z).Y(3»**2/EMU M 24
IF (KRAO.EQ.O) GO TO 4 - .-- ..-- ... _._._ --- . M 25
AU(Z).Z.O+O/(2.0+0+AJ*AK1) M Z6
ClI l Z) ......50. O*AJ*AK~AUtll __.-.1l.-.-2.I._
GO TO 5 M 28
CU (2) =1.0+01 (Z.O+0+3.0+0*-AJ*AKl) .__________ M Z9
AU(Z)=CU(2)*lZ.O+0-AJ*AK1) M 30
CU(Z)=",CU(Z)*4.0+0*AJ*AKZ _~ .. 31
SLIP COEfFICIENTS NEAR THE E BOUNDARY fOR VELOCITY EQUATION M 3Z
GO TO (6,7,8) t 1<E.1l.______ M 33_

AU(NP2)zO.0+O M 34
BU lNPZ) =1.0+0/ <1.0+0+2.0+0*8ET.) - _..--lL__ 3S.
GO TO 9 M 36
SQilB84.0+0*U (NP3) *u (NP3) -12.0+0*U (NP.3.1 ~U~ltiCh~Jl4tUINP11.W(NP.IL _14 . .3.1.
AU(NP2)-8.0+0*(Z.O+0*UCNP3)+U(NP1»/(2.0+0*U(NP3)+7.0+0*UCNP1)+DSG M 38__-----'*.aT (SG) ) .n - . _

BU(NPZ)zl.O+O-AU(NPZ) M 39
GO TO 9 ..Jl---U.--
AUCNP2).0.O+0 M 41
CAL.L VEFf lNt' 1,NP2..nuJ.) .'_.n ._. n M ,~--

BK1Bl.O+O/OX-OPOX/(RHO(NP3)*U(NP3).UlNP3» M 43
___-I8;uK"'-C2;.!!lB..",-:.u.1'(NP3t*Blq tUPD1U (RHO (NP3) *" (HP3) ) M '4

BJBRHOCNP3)*U(NP3)*.250+0*(2.0+0*V(NP3)-Y(NP1)-Y(NP2»**2/EMU M 4S
CU (NPZ) .1.0+01 (2.0.tOt3...D~.o..~'.8JU.L ..__._______ ._.M.__-"-
BU(NP2).CUlNPZ)*(2.D+O-SJ*SK1) M 47
CU CNP21....CU lNP2) *4.D~J)~..B.J*SK2. _.. __ . _.. . . _.__ ... _. . .. __ 14.. __ "._
IF (NEG.EG.l) RETURN M 49
SLIP COEFfICIENTS NEAR THE I BOUNDARY fOR OTHER EQUATIONS M 50
00 20 J-l,NPH M 51
C lJ ..2) -0..0+0 .__ . ._ _ .. ._._. .li_.52._
C(J,NP2)-O.O+O M S3

_ GO TO UJh 12.t.l31 II KIN _. . -.M-_.5~_
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tot 99-
M 100
M 101
M 102
M 103
M 104-

-·----·---.M--Us...
M 106
M- 107
M 108
.M 109

10

12

13

14

C
15
16

19

18

CALL FBC eXO,J,INDIeJ),Ql) M 55
IF e!NOleJ).EQ.1) GO TO 11 M 56
AJI eJ) =QI M 57
A (J. Z) l1li1.0 +0 __ _ .______________ __ ..-l!L .sa
BeJ,2)IIIIO.O+O M 59
C(J.2)1III8.0+0*(1.D+O+2.0+0~BET')*PREF(J)*AJl(J)/(~K*AK~aET'*(l.O+O+ M 60
IBETA)*e1.0+0+BETA)~e3.D.0*RHOe2)+RHOe3»*Ue3» M 61

GO TO 15 M 62
FeJ.l)IIIIQI M 63
A(J.2l lIII tl.O+O+BETA-GAMA (J) ) /tl ..Oto. +.8ETA.tGAMA (.U t .1!1 ..M
8eJ.2) lIII l.0+0-AeJ,2) M 65
GO TO 15 M 66
AeJ,2) lIII eUe2)+Ue3)-8.0+0*U(1»/e5.D+0*eU(2)+Ue3»+8.0+0*Uel» M 67
GF lIII e1.0+0-PREF(J»/(I.D+O+PREF(J» M 68
AeJ,2)ceAeJ,2)+GF)/el.0+0+AeJ,2)*GF) M 69
8 tJ.2l 1111.0+0-'(J.2~.. ---____ . .__.__ -.--- ..-. -.--...---- ... M. 1..0
GO TO 15 M 71
BtJ.2) lIII O.O+O M 72
CALL SOURCE (J,l,CS.OS) M 73
AKlcl.0+0/0X-OS M 14
AK2 m-AK1*FeJ,I)-CS M 75
AJf lIII AJ*PREf eJ 1 __.. __... _.. __ _ . . _ .. __ M.76
If eKRAO.EQ.O) GO TO 14 M 17
AeJ,2)m2.0+0/(2.0+0+AJf*AKl) M 18
CeJ,2)lIII-.50+0*AJF*AK2~AeJ,2) M 19
GO TO 15 M 80
CeJ,2) lIII l.0+0/e2.0+0+3.0+0*AJF*AKl) M 81
A 'JJ.2~ lie (J.z~ ~ (z.O~O!"~Jf*~Kl) . - --____ -M-_ 82 -
CeJ,2)lIII-CtJ,2)~4.0+0*AJF~AK2 M 83
SLIP COEFFICIENTS NEAR THE E BOUNDARY fOQ~rH£R ~TIONS M 84
GO TO e16,18,19), KEX M 85
CALL FBC eXO,J,lNOEeJ),GEl M 86
IF eINOE eJ) .EQ.l) GO TO 11 M 87
A..JE tJ) aGe. ........-M__ ..1UL_.
BeJ,NP2)m1.0+0 M 89
AeJ,NP2)=O.OtO M 90
CeJ,NPZ)=-8.0+0*el.D+O+2.0+0*BETA)*PREFeJ)*AJEtJ)/eAK*AK*BETA*el.O M 91

l+O+BETA) * e1.0+·0+BETA) * (RHO tNPl> +3.0.0*RHQ (NP2J.l~U-(NPIU. M 92
GO TO 20 M 93

.17 ---- .£(J.NP31aGE ~-..... --.-- _.__ - .M_.....9.4. ....
BtJ,NP2)=el,0+O+BETA-GAMAeJ»/(1,O+O+~ETA+GAMAeJ» M 95
AeJ,NPZ)al.0+0 ... StJ,NP2,) - ----..---------.. .._ .._!lL -9.6
GO TO 20 M 97
8eJ,NPZ)lIIItUtNPZ).U(NP1)-8.0.0.UeNP31)/'5.0+0*t~'NP.Z~~U~~1).8.0.0 M 98

**UeNP3»
- n .-__ --_ -.GE.a-(.1-~o.lId~.R.EE-W+~-U-..o.t.~RE E e ') )

B(J,NP2)=eSeJ,NP2)+Gf)/e1.0+0+SeJ,NP2)*GF)
AeJ,NP2).1.0+0.SeJ,NPZ)
GO TO 20
AeJ,NPZ)=O.O+O
CALL SOURCE eJ,NP3,CS,OS)
8Kllll1.0.o./O~"'OS --.
BK2l111~BK1*FeJ,NP3)·CS

BJF.SJ~PREFeJ)

CeJ,NP2)·1.D+0/e2.0.0+3.D+0~SJF*BK1)

SeJ,NP2)cCtJ,NPZ)*(2.0+0-SJf*BKll
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SLIP

20
C(J,NP2)-·C(J,NPZ)*4,D+0*BJF*SK2
CONTINUE
RETURN
END

M 110
------------ltLllL

M 112
M 1 J 3-

SOLVE

SUBROUTINE SOLVE (A,t:t,C,F,NP3) N 1
IMPLICIT REAL*S(A-H,O-Z)

C THIS SOLVES EQUATIONS OF THE FORM N 2
C F (I) III: A(!)*F(l+!) + 8 (1) *F (1 ... 1) • C(1) . --- ----- -- .._. - _-M _____ 3-
C FOR X-2.NP2 N 4

DIMENSION A(NP3), B(NP3), C(NP3" f(NP3) N 5
F1JP2-NP3-1 N 6
B(2)=B(2)*F(})+C(2) N 7
00 1 I:IIJ,NP2 N 8
T-1,0+0/(1.0+0-6(1)*A(I-1» _._-- --_._._- _N ___ .9 __
A(I)-A(I>*r N 10
B(I) _ (8 (I) *B (1-1) +C (I» *T N 11
DO 2 I=2,NP2 N 12
JIII:NP2-I+2 N 13

2 F(J)=A(J)*f(J+l)+8(J) N 14
HETURN tli 15
END N 16...

WALL

1

25
26

R
R

C

C
1

C

SUBROUTINE WALL
IMPLICIT REAL*8 (A"'H,O"'Z) _ _~_

COMMON IGENI PEI,AMI,AME,DPDX,PREf(2),PR(2),P(2),OEN,AMU,XU,XO,XP, R 2
lXL.OX,XSTEP,CSALFAIAL~HA,XA,REORS~GA~AI~WTO.YSTART,USUP,ID A~__
2IMEN,IHEAT,Z,TO,INTG/V/U(200),F(2,200),R(200),RHO(200),OM(200),V(2 R 4
300) I lIN, NP l,NP2, NP3. NEQ,NPH,I<EX, KIN,I<ASE, KRAOI'.B.IB.E.UI.GAMUZJ~IAUlll R 5
4TAUE,AJI(2),AJE(2),INOI(2),INOE(Z) R 6

CALCULATION Of 8ETA FOR THE I BOUNDARY _ R 7
Yl-,50.0*(V(Z).Y(3» R 8
UI-.50+0* (U (2) +U (3) j --'Ru----'9L-

RH=,Z50+0*C3,D+O*RHO(Z)+RHO(3» R 10
RE=RH*UI*VI/VISCOU) R 11
FP=OPOX*YI/CRH*UX*UI) R 12
AM=AMI/CRH*UI)-_ R 13
fOR LAMINAR FLOW AND AM=O (NEED DIFfERENT EXPRESSION IF ,.-0) R 14
$lIIll.O+Q/Rf-fP/2..n+O._ . . lL_1S _
BETA=RE*(S.FP+AM) R 16
lAUIlIIIS*RH*Ul*UI __ _R 17
IF (NEQ,EQ,1) RETURN R 18
CALCULATION OF GAMA 'S FOR THE I BOUNDARV R 19
00 2 J=1,NPH R ZO
F. OR LAM I NAR. fJ..O.w ANa J ..l1U rING._ ZER.....O_'Ml:L-__ R 21
Sf=1.0+0/CPReJ)*RE) R 22
GAMA(J)=RE*PR(J)*(SF+AM) R. 23
IF (INOI (J) .EQ, 1) AJI (J) =SF*RH*UI*'CZ,O+O*F (J.l) ef (J,2) -F (J.3U *.50 R 24
*.0-----

2 CONTINUE
---- R£TURN. - -. ------__

END
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The following is an example input to the boundary-layer computer code.
See subroutines BEGIN and PRE for input formats.

00321004150067
-----Z-;-880E 05 .667

.1 1.0
022
0.0 .528"3

.8~

.1
1.4

.85
.0

.01
.0

.000001
.9999

32.1 .43~8

64.2 .3609
96.3 .3012~-----

128.4 .2533
160.5 .2151
192.6 . .1850
224.7 .1612
2~6.8 .1470

28~!r.:;'9---~.~1~3~1:"':0=------------------------------------

321. .1278
353.1 .1220
385.2 .1128
411.3 .1071
449.4 .1027
481.5 .1003
513.6 .0965
545.7 .0950
571.8 .0943
609.9 .0935
642. .0935
9000. .0935
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MAIN

C THIS IS A OATA REDUCTION PROGRAM
C INPUT IS PTl, T~/TO, X~E, GAMMA, REYNOLDS NUMBER PER FOOT, AND
C P12 DISTRIBUTION
C UNITS OF PTI AND PT2 MUST BE CONSISTENT
C THE INPUT XME IS FOR A FIRST GUESS ONLY
C IF THE INPUT TW/TO IS ZERO THEN THE WALL IS TAKEN AS ADIBATIC
C OUTPUT IS VELOCITY, TEMPERATURE, BOUNDARY-LAYER THICKNESS, BOUNDARY·
C LAYER DISPLACEMENT THICKNESS, BOUNDARY-LAYER NOMEMTUM THICKNESS,
C SHAPE FACTOR, MACH NUMBER, TBAR, AND SKIN-FRICTION
C HEAT FLUX CAN ALSO BE OETEHMINED (SEE THE CORRESPONDING LA~ REPORT)

[)lMENSION YOOO) ,PT2(100) ,PT2Pl (100) ,XM(lOO) ,TOTOE(100)
lJ!MENSION U(lOO) ,T(100) ,T8AR(100) ,RHO(lOO) ,RHOU(100)
DIMENSION CF(IOO) ,CCC(lOO) ,CC(100)
CI- (1) =.001
Rl:.J10(S,2)NUM
DO 10 LL=I,NUM
R~AO(S,l) PTl,TWTO,XME,G,R
RtAO(S,2)NE
Rt.AD(5,3) (Y(N) ,PT2(N) ,N=l,NE)

C RtAO(S,l) PTl,TWTO,XME,G,R
C READ(5,2)NE
C R£AD(5,3) (Y(N) ,PT2(N) ,N=l,NE)
1 FORMAT(8EI0.0)
2 FOR~AT(13)

3 FORMAT(2EIO.0)
(;Pl=G+l.
bMl=G-l.
D=(GPl/2.)~*(G/GMl)

IF (XME.LE.l.)XME=SQRT(2./GM1~«PTl/PT2(1»~~(GMl/G)-I.»

Xl:.=XME~XME

IF(XME.GT.l.) CALL XEOGE(PT2(NE),PT1,G,XME,XE)
Pl=PTl/(l.+GM1~XE/2.)~*(G/GM1)

PT2(l)=Pl
X=XE
XM(NE)=SQRT(XE)
00 4 N=l,NE

4 PT2Pl(N)=PT2(N)/Pl
J = NE-l
00 5 N=l,J
!=NE"'N
If (PT2Pl (I) .LE.O) X=2./GMl* (PT2Pl (I) ~* (GMl/G) -1.)
If (PT2Pl (I) .GT .0) CALL XUIST (PT2Pl (I) ,G,X)
XM(I)=SQRT(X)

5 CONT I NUE_'---,-- _
XME=XM(NE:.)
A=GMl*XME:.*XMl:.
CALL PR(XME,G,A,P)
Hw=TWTO*(1.+A/2.)
Cl=1.+A/2 .... HW
IF(TWTO.EQ.O.)Cl=O.
D=SQRT(2.~A"Hw+Cl*Cl)

IF(TWTO.EQ.0.)O=SQRT(A*2.*(1.+A/2.»
U(l)=O.
00 7 K=l,NE
C=(XM(K)/XM(NE»**2
CALL VT(A,HW,Cl,D,P,C,T(K),U(K)
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MAJ.N

- ----------- . -- -~ ----------------
CALL T£MPCA,Hw,Cl,O,P,U(K),OHDV,TCI(»
IfCK.EQ.l)TCK)=Hw
ltiAR(K)=(TCK)+A~UCK)~UCK)/Z.-HW)/(l.·AIZ.-HW)

RHOCK)=l./TCK)
RHOUCK)=~HO(K)~U(K)

_. ~~ (K) =L. -RHOU'--=('--'---K:..-=--) _
C~CK)=RHOUCK)*(I.-UCK»

_______--lYJ:9_E: t~1~1LCK) +A*U(I( ) ~U (K) I'--=Z"'-'.=-.:):.....::/_C.!....ll......,."-..--=:A=I-"Z"-".:.....::) _
It- (K.NE.l) Cf(K)=CfCK-l)
IfCK.NE.l)CALL SKINCR,CfCK),G,XME,Y(K),U(K»
T(1(+1)=TCK)

7__ _~U~_T JNU!::._____ _
PT2PTl=PT2CNE)/PTl

__~L""_SUMCY,ecc; .'~N--'--t::.=--,'--V'--'l~N..:....T'-'I=-.:)'--- _
C~LL SUM(Y,CC,Nt::.,VINTZ)
CALL CF!CXME,R,VINT2,SQCf)
CALL PLUS CSQCf, Y,RHO,R,NE,CCC,CC,VINT1,VINT2,A,HW,Cl,O,P)

___CfF=SQGf~SQC~ . ~

SHAPE=VINTI/VINTZ
. rLO_l5 _t-1= 1 ,NE

1~CUCM).GT.O.99)GO TO 16
15 CONTINUf:.
16 DtLTA=YCM-l)+CO.99-UCM-l»~(YCM)-Y(M-l»/(UCM)-UCM-l»

_______ J.fjr~1.Q~.t:.Q_._Q_~ ~8_tT.~LfuJJl_P, G, PT2PT 1, R, DEL TA, VINT 1, VINT2, SHAPE, Cff
11 fORMATCIHl,39X,'THIS OATA REDUCTION SHOT IS fOR AN ADIABATIC WALL'

1 ,II ,4QX"HE<;QVERY fACTOR = O.8800',II,40X,'PRANDTL NUMBER lI: "

2 f6.4,II,40X.'GAMMA = ',f6.4,II,40X,'PT2E/PTl = ',lPEIO.4,11,
3 40X,'fREE-STREAM UNIT RtYNOLDS NO. PER fOOT 3 ',lPEIO.4,II,
4 40X,'DlLTACIN) :', IPEll.4,II,40X,'DELTA STARCIN) .', IPEll.4,11,

·_5_4_0X,-'Trtt.IA.c.1!'il_~" IPEll.4,II,40X,'SHAPE fACTOR II', IPE11.4,11,
6 40X,'CF CBASEO ON HE-THlTA EO OF R. , M. REP. NO. 3712) 3',

_____J__.1Pf,:_lJ ~4, I I I)
It-CTWTO.NE.O.)WRITE(b,IZ)P,G,PTZPT1,R,DELTA,VINT1,VINTZ,SHAPE,CfF

12 fORMATCIHl,39X,'THIS DATA REDUCTION SHOT IS fOR A NON-ADIABATIC WA
lLL',11,40X,'RECOVERY fACTOR = O.8800',11,40X,'PRANDTL NUMBER. I,
2 _ff>.4,IL9~O)(_, 'GAf<4MA = ',f6_~4,/~,4M,---!PT2EL~n __~liPEIO.4,11,
3 40X,'FREE-STREAM UNIT REYNOLDS NO. PER FOOT. ',IPEIO.4,11,
4 40)(,·.l)ELJA(1~) _~_,_, ..le..E..ll~4,1~,-_~OXL'J2~J..:rA __SJ_ARJ_Ifl4J_~ IPE11.4,11, __
5 40X,'THfTA(IN) =', IPEll.4,11,40X,'SHAPE FACTOR a', IPEll.4,II,
6 40X,'Cf (BASED ON RE-THETA EG OF R•• M. REP. NO. 3112) a',
1 lPE11.4,111)

________ WJtllll~~ ~ ~~~ ~__~~_
8 FORMAT( 1,7X,'Y',11X,'PTZ',8X,'TO/TOE',lOX,IM',lOX,'U/UEI, 9X.

_________.J_--.!..I!TE., 9X,' TBAR' ,IX, •RHO/RHOE' ,ZX, 'RHO*UI CRHOE*UE) • ,4X, I CF I, I)
wRITEC6,6) (Y(N),PT2CN),TOTOE(N),XMCN),U(N),T(N),TBAR(N),RHOCN),

lRHOU(N) ,CfCN) ,Nal,NE)
6 FORMAT (lPIOEI3.S)

_________ __\'!B..1 I.U~,---HH _
18 FORMAT(III)
.lD ..tONT I NUE

STOP
~
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XE.DGE

GP1=G+l.
GMl=G-l.
C=W/Z

1 f=(GPl*X/(6Ml*X+2.»**(6/GMl)*(GP1/(2.*G*X~GMl»**(1./GM1)-C

DrOX=(F+C)*G/GMl*( 2./(X*(GMl*X+2.»-2./(2.*G*X-GMl»
Xl~ E. w=x... F / DFOX

-----=-I-=-f(ABS( (X-XNt.W)/XNEw) IILT.O.OOOUGO to 2
X=XNEW
(;0 TO 1

2 X=XNEw
~t:.TU~N

tf\lD

XDIST

SUBROUTINE XOIST(B,G,X)
GPl=G+l.
bMl=G-l.
F=(GPl*X/2.)**(G/GMl)*(GPl/(2.*G*X-GMl»**(1./GMl)-a
DFDX=(F+~)*G/X*(2.*X-l.)/(2.*G*X-GMl)

XNEW=X-f/OfOX
IF(ABS«X-XNEW)/XNEW).LT.O.OOOl)GO TO 2
X=XNEW
GO TO 1

2 X=XNEW
RE.TURN
E.ND

SUBROUTINE PR(XM,G,A,P)
C CALCULATES PRANDTL NUMBER fOR A RECOVERY FACTOR OF 0.88

F(=.88
AL=5.*1./2.
ALl=AL+l.
AL2=AL+2.
tH:=4.*AL
A=(G-l.)*XM*XM
O=SQRT(ZII*A*(1.+A/2.»
CALL TINYf(A,HW,O.,D,O.,fO)
CALL TINYF(A,HW,O.,D,l.,fl)
hONE=A*St/(ALl*AL2)+A/2.+Fl-FO
P=1.-A*(R-l.)/(2.*HONE)
R~TURN

END
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SKIN

---SUBR-O-OrfNE-SK IN--fR,CF ,-GAM,XM 9 Y, U)-------.-~-.

Cl=~.75

C2=S.IO
OMEGA=.768
FH:.=R~Y/12.

X=SQRT(Cf/2.)--t=-r.-.. '-B-tj*rn;A-M~T. )i2~-)#-j(M*~--·-----

L=SQRT(Z)
-SrGMA=( r(GA·M-I~T7?~) ~KM~Hf?)T(T~-+r( (GAM-I.) /2-~) ~XM-*~2T1

SQSIG=SQRT(SIGMA)
1 GA=Cl~ALoGlo(RE~X~Z~*(-2.*(.5+0MEGA»)+C2

~=GA-(l./(SQSIG~X~l»~ARSIN(SQSIG~U)

-- Ob1),(=-C tI/r[;:.F~Kr )--+11./TsQ-=~1 G* (X *-~-2-Pf[j )*ARSl',r<sQSTG-iOT
).I\jEW=X-b/OGUX

-ff-r~HfS-n )fNtw-~xT7xN-rW) •[~ 0 • 0ooiT-Gcff (f -2-------- .-----
X=XNEW
bO TO 1

c X=XNEW
-C1='=-2-; u-X ij.-*2 -

kf:.TURN
-E:N-D---

SUM

---- .._...._- slfBROUT INE -S(j·M·rx9Y·~'-N-E ,." tNT)
C X l~ THt INDEPENDENT VARIA~LE
C-- -y-- IS--THE--OEPENOfNT VARIABLE .------

D!MENSION X(lOO),Y(lOO)
\J!NT=O.
NN=NE-l'
1)0 1 1=19 N"J

1 VINT=VINT+(X(I+1)-X(I»*(Y(I+1)+Y(I»/2.---Hl:.TdRN-- ------------------------- - -

t:NO
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PLUS

SUBROUTINE. PLUS(SQCF, Y,RHO,H,NE.CCC,CC,VINTl,VINT2,A,HW,Cl,O,P) ~

DIMENSION Y<lOO) ,RH0(100) ,CCC(lOO) .CC(lOO) ,YPCI00) ,UP<lOO)
OIME.NSION CCCP<lOO) ,CCP<lOO) ,TP<lOO)

C THIS SU8HOUTINE USES THE WOLL MODEL TO DETERMINE Y AND U NEAR THE
C wALL TO IMPROVE THE CALCULATIONS OF THETA AND DELTA STAR

Yt=138./RHO(I)~SQRT(2.)/SQCf~12./R
---:::::-0-"'-0-1 1=2.NE -----------------------

IF(Y(I).GT.yt)tiO TO 2
1 CONTINUE.
2 N=I

DV=Y(N)-YE
CALL SUM(Y,CCC,N,VINTIW)
CALL SUM (Y,CC,N,VINT2W)
VINTl=VINTI-VINTlW
VINT2=VINT2-VINT2W
YPLUS=O.
YP(l)=O.
UP(l)=O.

-----=C-,-C--:O-p ( f-c-)-=-=-"O-.------
CCep(l)=l.

-----:-::-0.,.-0 3 J=2-,.....1-=-O-----

YPLUS=YPLUS+2.
UPLUS=ATAN(8.~TAN(0.09~YPLUS/A.»/O.09

YP(J)=YPLUS/HHO(1)~~1.268~SQRT(2.)/SQCf~12./R

--~U·P(Jj=UPLUS*SQCf/SQRT(2.*RHO(1»
CALL TEMP(A,HW,Cl,O,P,UP(J).OHDV,TP(J»
CCCP(J)=l.-UP(J)/TP(J)

3 CCP(J)=UP(J)/TP(J)*(l.-UP(J»
JJ=70
CALL SUM(YP.CCCP,JJ,VINTIP)
CALL SUM(YP,CCP,JJ,VINT2P)
VINTl=VINTl+VINTlP+(CCCP(JJ)+CCC(N»/2.*OY
VINT2=VINT2+VINT2P+(CCP(JJ)+CC(N»/2.*OY
kt:.TURN
E.ND
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CFI

SuHROuTINt C~I(XME9k9VINT29SQCF)

THIS SUdROUTINE SOLVES ~OR C~ USING ~QUATION (22) OF THE WINTER
AND ("'AlJUt:.r ~tPO~T R.t;, M. NO. 3112 -6ECt:~tiER' 1910 . -- -----
rU=I.+.0~6~XMt~XME

F(.=SQRTTf. +-;2-~j(M~~)(MIT-----------..
C=~O*~/IZ.~VINT2

b=O.3~94

M=4.632
Xj\j F w=0 • 0 0 ? ..*0 • ~

s~ X=X~l:w_.. _'---- .. ='-f. O·~Hoij.·X----------'
TtX~=txP(0.537/X)

xNEw=X-«6*F~TEXP-C)/(G"f·TEXP.(-O.537/X""2)-H"TEXP»
~=A~S «XN~.w-X) IXh,baJ)
1~(S.LT.O.0001)GO TO 100
b0 TO ~~

luNTINUt:.
SiJlCF=XNt.W
~l:.ll.lRN

tND

The following is an example input to the data reduction computer code.
See MAIN for input formats. '

001
17.68 o.
021 _ _
.0 13.53
~..o() ~~. ..._.l.~_!I.l .__ .. __ .. _...
• 034 14.94
.0'77 l!).IA
.11 l~.t:!H

._117. . ~ 1j.!_.I5 __ ._ .
• 206 15.9

.• 2492 =-10.::;..::... _
.2778 16.11
~ ~ 2 Q.6 ._.. H?.~ 1.~ ._ .__ ._ .
• 3495 Ih.37

J.3.9.2.~_~.~.itl . ' ..._'
.421 16.~4

......'t.Q41 1.6..t~L .._.__ . . .__ ... ." _
.507 16. (0)/7

.•. 53..5.'7 .1~, ~9

.5786 16.77
JJ!~1.2_._._1fu_92 .
• 65 17.07

.,6932 17 .16
1.4 17.68
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A

a

C

C /

Cf

cp

E

e

e

f

H

1\

H

h

h'

NOMENCLATURE

Constant in Eq. (6)

Defined by Eq. (13)

Constant in Eq. (48), equal to 4

Local skin-friction coefficient, Tw /(l/2PooU
00

2 )

Specific heat at constant pressure

Specific heat at constant volume

Turbulent kinetic energy per unit mass, «u2> + <v2> + <w2»/2

e/Ho ,00

(1 + 0.2 M
00

2 )1/2

Function defined by Eqs. (60) and (67)

Specific total enthalpy, also used for shape factor, 0*/8

Specific enthalpy

Fluctuating local static enthalpy

Zeroth-order h

First-order h

98



k

L

Q

Q'

M

m

m

Pr

p

p

,
Po

q

Reo,s

r

AEDC-TR-76-62

Molecular thermal conductivity

Eddy thermal conductivity

Dissipation length, L = L/s

Prandtl mixing length

Integral scale length of turbulence

Mach number

u = 1111m , used herein as m = 7

Mass flux

Prandtl number, Jl cp/k

Mixed Prandtl number, cp (/l + /It)/(k + kt )

Turbulent Prandtl number, cp /It/kt

Mean pressure

Impact pressure

Heat-transfer rate

Reynolds number based on pipe diameter and velocity at pipe center

Reynolds number based on pipe diameter and mean velocity

Reynolds number based on boundary-layer thickness and free-stream
velocity

Reynolds number, Po (2Ho 'oo)i 12 s//lo

Reynolds number, P00 Uoox//leo

Defined by Eq. (5)
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s

T

t

u

u

u

-<uv>

v

v

w

x

x

y

y

y+

z

a

{3

Reynolds-analog factor, s = Cr!2Ch (also- used for characteristic length)

Mean static temperature

Time

Mean velocity in x-direction

Friction velocity (TwiPw )1 / 2

Fluctuating velocity in x-direction

Reynolds stress; a bar over this quantity indicates normalization with respect
to Ho,oo

Mean velocity in y-direction

Fluctuating velocity in y-direction

Fluctuating velocity in z-direction

Coordinate along body surface

xis

Coordinate normal to body surface

Y/s

Coordinate completing right-hand system with x and y

A constant equal to 0.18 in Section 3.0 and equal to (S/2)m in Section
4.0

c(S/2)m
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'Y

0*

€

8

JJt

p

p

a

T

w

v

AE DC-TR -76-62

Defined by Eq. (62) for constant temperature wall and by Eq. (69) for
an adiabatic wall

Boundary-layer thickness defined as the value of y where V/Deo = 0.99

Boundary-layer displacement thickness

A constant equal to zero or 1/8 in. Section 3.0 and equal to (l - Prm )

in Section 4.0

Defined by Eq. (61) for constant temperature wall and by Eq. (68) for
an adiabatic wall; also' exponent of T in power law relation for viscosity

y/o

Local wall angle

Boundary-layer momentum thickness

Molecular viscosity

Eddy viscosity

Density

Schmidt nUlnber for turbulent kinetic energy

Total shear stress

Turbulent shear stress

Stream function

Transformed stream function

J.l/p
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SUBSCRIPTS

aw

E

I

o

w

Adiabatic wall

Outer edge of boundary layer

Inner edge of boundary layer

Local total conditions, except 110

Wall conditions

Free-stream conditions

SPECIAL NOTATION AND CLARIFICATION

<> Indicates time average, e.g. <uv> = ~i~~ 2\ It (uv) dt'
-t

The variables denoted in the nomenclature as mean quantities are
understood to be time averaged.
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